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Deep generative models

Previouis view of DGM (static) [Goodfellow et al. 2014...]
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New view of DGM (dynamic) Simulate an S/O/PDE [Chen et al.
2018, Song et al. 2021]

Xe = =V&i(Xt), for some learned V¢&;, e.g. NN

1T

Perspective: flow and evolution of prob. measures




Bayesian inference and probabilistic ML

Infer posterior distribution 7 of the model parameters 6 given data,

Bayes rule: 7(f|Data) < P(Datal|d) - Prior(é

prior/posterior

@ “1. ul“ “l-
0 gy ! 0 g ! 0 g ! 0 g |

In practice, the exact 7 is intractable: approximate inference [Jordan
et al., 1999, Wainwright and Jordan, 2008]

in D D .
min_ D (ulm(0|Data))

Gaussian variational inference: 1 € N'9; also Laplace approx.
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i = =G () Vo F(u(n) — BCES () V. F(u(n))

Recall Oliver’s talk: where 5= [m, 5]



Goal: General-purpose optimization over (probability) measures



Goal: General-purpose optimization over (probability) measures

Type of applications of modeling a measure



Goal: General-purpose optimization over (probability) measures
Type of applications of modeling a measure
Input (access to the target)
e samples:

yi ~m (target distribution)

e score function:

V(x) = —logm(x), m(x)oxe V™),



Goal: General-purpose optimization over (probability) measures
Type of applications of modeling a measure

Input (access to the target) Output (model)

e samples: e Sampling / Generative models:
Produce new draws
yi ~m (target distribution)
Xj ~ T
e score function:
e [nference:
V(x) = —logm(x), m(x)oxe VX
e.g.
m(x) = N (x| m,5)

Approximate 7 by a parametric family,



Goal: General-purpose optimization over (probability) measures
Type of applications of modeling a measure

Input (access to the target) Output (model)

e samples: e Sampling / Generative models:

Produce new draws
yi ~m (target distribution)
Xj ~ T
e score function:
e [nference:

x)

V(x) = —logm(x), m(x)oe VI
e.g.
m(x) = N (x| m,5)
Goal. statistical computation
as optimization over (prob.) measures

m = argmin F(u)
HEACP

Approximate 7 by a parametric family,



Goal: General-purpose optimization over (probability) measures
Type of applications of modeling a measure

Input (access to the target) Output (model)

e samples: e Sampling / Generative models:
Produce new draws
yi ~m (target distribution)
Xj ~ T
e score function:
e [nference:

x)

V(x) = —logm(x), m(x)ox e

e.g.

m(x) = N (x| i, )

Goal. statistical computation 0o

as optimization over (prob.) measures A

m = argmin F(u)
HEACP

Approximate 7 by a parametric family,



Goal: General-purpose optimization over (probability) measures
Type of applications of modeling a measure

Input (access to the target) Output (model)

e samples: e Sampling / Generative models:
Produce new draws
yi ~m (target distribution)
Xj ~ T
e score function:
e [nference:
V(x)

V(x) = —logn(x), 7(x)oce” Approximate 7 by a parametric family,

eg.
m(x) = N (x| m,5)
Goal. statistical computation

C
as optimization over (prob.) measures O

m = argmin F(u)
HEACP

du
F—Dg&:—/gp(d';> dm




Gradient flows over M™: Hellinger / Fisher-Rao

Wasserstein /diffusion: mass-preserving
Birth-death process 2H,O = 2H5 + 10,

Hellinger gradient flows (M™, F, He)
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ODE solution:  u(t, x) = m(x) (M(x))ei

dm

KL is non-convex in Hell.

Mielke-Z. Hellinger-Kantorovich Gradient Flows: Global Exponential Decay of Entropy Functionals.



Recent Advances on the analysis of Fisher-Rao flows

The gradient system (P, D, (-|7), FR) generates the flow equation

p=—p <<p;(j7pr) - /@;(%) dp)

Recall the @,-divergence

Dol = [ o) dp. 2p() i= Sy (= pls = 1) = 1)

e Carrillo et al. 2024:
e No geodesic convexity or PL (Polyak-tojasiewicz) condition for the
functional KL(:|7), even if 7 is Gaussian
o Sufficient condition: ¢,-divergence satisfies the PL inequality for
p<o0.

e Mielke & Zhu 2025:
e Power threshold p < 1 further refines Carrillo et al. results. (p = 1
recovers Fisher-Rao distance.)
e Explicit Lyapunov functions = dual gradient dominance of

Carrillo et al. 2024. Carrillo et al. Fisher-Rao gradient flow: geod. convexity and functional ineq.
Mielke-Z. Hellinger-Kantorovich Gradient Flows: Global Exponential Decay of Entropy Functionals.



Unbalanced transport: Hellinger-Kantorovich a.k.a.
Wasserstein-Fisher-Rao  Best of both worlds

Wasserstein: transport/diffusion Fisher-Rao / Hellinger: growth /birth-death

H-K / W-FR [Chizat et al., 2018, 2019, Liero et al., 2018, Kondratyev
et al., 2016] gradient flow:reaction-diffusion eqn.
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Liero-Mielke-Tse-Z. Evolution of Gaussians in the HK-Boltzmann gradient flow.
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Wasserstein: transport/diffusion Fisher-Rao / Hellinger: growth /birth-death
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Wasserstein WFR

If F(p) := KL(u|m), can we establish decay of F(yu(t)) over time?|

Liero-Mielke-Tse-Z. Evolution of Gaussians in the HK-Boltzmann gradient flow.
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Gradient Dominance/PL of Gradient Flows of Entropy Functional

. . . 1
min Dy, (u|7) in (P or M*,D) fiks1 < argmin Dy, (p|m) + =——D?(u, 11k
H HEP or M+ 27

-~

Dy, (plv) :== /,9 (%(x)) dv @p(s) = ﬁ(s" -p(s—1)—1)

Gradient-flow geometry Global exp. decay, & fcn. ineq. for ,,-divergence .,

+ Q0 ¢ R* bounded Lipschitz, p > 1—4 —> twith ¢, > 0 o

Otto-Wasserstei
o-Wassersteinon | ) Z pd ' [1,2] and (BE) —> & with ¢, — 2cpe

Otto-Wasserstein on
M (Prop. 5.2, 5.3)
1

Hellinger on M (Prop. 3.7) p € (—00,3] < twithe, = ;&

P, > 0fork; see (LSI-MT)

1-p
1 1
herical Helli L forp<i
Spherical Hellinger on P pe (_OO,%] — bwithe,=M, = 1(7f12 ) 31 : £
(Thm. 4.1) Pl = P forp € [i‘i] >
P - ——
o 0.1 — pwithe, = L
Hellinger-Kantorovich pE (o0, 2] twith c, 1-p s /

on M* (Thm. 5.8) °p> % — there exists no withc, >0
*p=1and (LSI) = No t; exp. decay is possible
In general, decay rate ¢, = max{acew, SM,}
(see Thm. 4.4). Specifically:

based on joint works
with Alexander Mielke

Spherical 1 : 14+2p
. —00, 5| = twithe, =
Helinger-Kantorovichon P | 7 € . 2] WG = T 1
(Thm. 4.4) + 0 € R? bounded Lipschitz, p € (—o0,1/2] U [1 — 4, 00)

= twithe, >0
<0 =R% pel,2]and W) = Lwithc, =2c.w

Mielke, A., Z. (2025). Hellinger-Kantorovich Gradient Flows: Global Exponential Decay of Entropy Functionals



Observations of Hellinger-Kantorovich (a.k.a. WFR) flows of KL
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[Mielke-Z. 2025]’s results for the HK/WFR gradient flows of KL

Proposition 5.7 (Shape and mass convergence) The normalized probability measure

p(t) = ﬁp(t} (the shape) converges to the target m, exponentially in KL divergence along
the HK gradient flow, i.e.,

Dgr(p(t)|ms) < e % H,. (shape convergence)

The mass variable z(t) converges to the target mass z. exponentially, i.e.,

log (ﬁ>

Setting Hy = Dxr(p(0)|7) and @ = acrsip

at —pBt

_ e —e
e Ft 4 Hn/ai,\. (mass convergence)
—-a

[2(t) — 2] < max{zo, 2}

Theorem 5.8 (Convergence to equilibrium via shape-mass analysis) The following
convergence estimate in the Hellinger distance holds

max{zl/2 zi/Q} 12 | 1/2 2\ "? 1
He(u(t),n) < | —=0 = 1 Hy'™ + 2z, g <7> + = e fort>0,
2 Zs a
(5.7)

where v = min {B,&/2} and g(a) = max{log(1/a),a—1} > 0.

Mielke-Z. Hellinger-Kantorovich Gradient Flows: Global Exponential Decay of Entropy Functionals.
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Sampling via particle systems

1w
Je V() dx

Goal: generating samples from 7(x) =

Langevin SDE Fokker-Planck PDE
dX; = —VV(Xp)dt + 2dW, Orp = Ap + div (uVV)

GF & OPT perspective
1 hope: for some o > 0

Hk+1 < argmin DKL(MT‘-) + W22(,LL, Hk) DKL(Nt|7T) < oot DKL(,U0|77)

uCP 2T

(let 7 — 0)



Kernel methods and MMD

H is the reproducing kernel Hilbert
space (RKHS), which satisfies

f(x) = (£, k(x, ),V e H,x e X

Integral operator K, : L?(p) — L?(p):

K,g(x) == / k(xx') g (') dp ()

Maximum-mean discrepancy (MMD) [Gretton et al., 2012]

MMD(p0, p1) :=H/k(xv-)duo */k(X:')dM

H

_\// / K(x,x') d(po — pn)(x) d(po — pu)(x') © * °%°

= sup /fd(uo—ul)

Il <1

MMD2(H» ) = ]Ex,y~uk(x7}’) + EX,y~ﬂk(X,}/) - 2E><~u,y~7rk(xy}’)
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The Riemannian metric tensors are related by Gymp = K, 0 Gre(1).
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1
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kernelize 6,-; [14]

MMD Hellinger

Z-Mielke. Kernel Approximation of Fisher-Rao Gradient Flows; Gladin et al. & Z. 2024
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MMD as “de-kernelized” Hellinger distance

Dyanmic formulation of MMD: “straight line” geodesics

1
MMw0m4:mm{A|m&dt

i=—K7¢ u0) = p,u(l) = 1/}

Theorem (MMD = de-kernelized Hellinger)

The dynamic formulation of the kernelized squared MMD coincides
with that of the squared Hellinger distance

The Riemannian metric tensors are related by Gymp = K, 0 Gre(1).

recall:
1
He?(e,v) = min [ e[y e
O u

kernelize ‘;—Z [1] kernelize Vg—z [1]

MMD | Hellinger | | Wasserstein | Stein

Z-Mielke. Kernel Approximation of Fisher-Rao Gradient Flows; Gladin et al. & Z. 2024
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Otto-Wasserstein gradient flow [Z. 2024]: i = div (;LV <1 - d7r)>
i

Not implementable due to V(1 — dn/ dp).
Kernel approx. [Z. 2024; Gladin et al. & Z. NeurIPS 2024]:

e o e o ) )
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Flow in the MMD space = kernelized Hellinger/Fisher-Rao

Minimize the MMD in the HK/WFR:

mind Fu) i= D%, )}

. . 6F - 6F
i =—a- GWI(/L)@ (1l = B-Gpo(p) o K, l@ 1]

[ZM’24] _ oF 1 OF
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Flow in the MMD space = kernelized Hellinger/Fisher-Rao

Minimize the MMD in the HK/WFR:

min{ () = MMD2(u,7)

neP

. _ oF _ . 0F
fr=—a- GWI(/L)* (1] = B-Gpl(w) o K, l@ 1]
[ZM’24] oF 1 OF
= —a-Gy (M)* [1] — |v||1v|D5 [1]

i (1 [ ek (e m) () =5+ (u— )

Gladin et al. & Z. Interaction-Force Transport Gradient Flows



Analysis of interaction-force transport gradient flows

Theorem [Gladin et al. & Z, 2024] Suppose F = %MMD2(-,7T). Then
the following functional inequality holds globally Vi € P:

JK-

TK- &

+4‘[]

Zc(HMﬂ%4THM)

H

with a constant ¢ > 28 > 0. Consequently, the solution of the IFT
gradient flow satisfies

MMD(pze, 7) < e~ Pt - MMD (o, 7).

In addition, KL decays globally under the usual Bakry—Emery/LSI.

Gladin-Dvurechensky-Mielke-Z. Interaction-Force Transport Gradient Flows
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Robust learning under distribution shifts [Z. et al. AISTATS
2021, AISTATS 2023, ...]

N
Empirical risk minimization min - ;E(G, [x:, vi])

Xj, yi ~ Po: data sample. 6: learning parameter e.g. DNN weights.

e True function ° o %o o == True function
=== Prediction === Prediction
Test data

What if the test
Tl e OH ' data distribution
a5 shifts from Py?

Distributionaxlly robust optimization (DRO) min sup E, €(6,[X, Y])
0 ueAcP

A= {M € 73’ D(M|PN) < 6} Wasserstein DRO: exploit c-transforms of special
,SN _ % ZI’V:]. 8y, empirical dist. loss functions in ML [Esfahani-Kuhn et al., etc.]

D: divergence between measures



Joint entropy-regularization

OT, (Mo, p1) == {/c(xo,xl)dﬂ (x0,x1) +7\U(I_I)‘

mo(dxg) := M (dxo, Q), mi(dxq) := M (L, dxl)},

2 = T, (1N
W (1o, p11) neM'P(fomo ~ (M[po, p12)

Modern rivival of optimal transport [Cuturi et al.]

Av N A NN

\ \ . )
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. 12 —
min Téag/f(@,z)dp(z) 5= W5 (p, pn)
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From empirical risk to worst-case risk minimization

=== True function
=== Prediction
Test data

JKO / proximal
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N
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Generate a “worst-case” sample y ~ p* (The JKO,-solution)

pr argmin/ Vidp + 3= WZ(p, po)
pEP

The sampling scheme:

1. sample x ~ pg

2. sample y ~ py|x—x

The conditional distribution of Y|X = x has a nice structure
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Robustness via interacting/coupled gradient flows

View the optimization problem as a game
min max f (6, x)
0 X
descent-ascent interacting/coupled gradient flow

0 = —Vyf(6,x)
x = V,f(0,x)

[Lin et al, Conger et al, Xu et al., Dvurechensky & Z., ...]

)(we will avoid doing this directly in the entropic OT geometry
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A gradient-flow approach to ent-OT distributional robustness

General energy functional:

. 1 R €
Py|x=x € argmin {J(P) = / Vdp+ ZWf(p,Ox) + /plogﬂ}

P

Jp)=KL(p | Lexp(~ZV)) for Vi (y) = V(y)+ &c(y,x)

consider the gradient system (P, J, K)

p=—KDJ(p)

Xu-Z. working paper
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DRO via sampling

. 1 2 —
min max / (0, z)dp(z) — 5 W (p; Pn)

Transport from X ~ py to Y ~ p

Algorithm. lterate the following steps:

1. generate samples from desired distribution y; ~ py|x.
e sample x; ~ py
e sample yj ~ py|x—y, X exp[%é(@k,y) = Le(y,x)

2. gradient step on ¢

N
1
o+l gk _ UN ZV@E(QI{,%)
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Summary

1
in F inF —R 1= -G 'DF
min, (1) fiks1 € argmin (ulm) + >Rk, 1) ft (1)

PDE analysis Q dynamics of optimization, sampling, inference

Example applications:

variational inference sampling / generative model
(parametric) (nonparametric / interacting particle sys.)

This talk is based on:

Mielke-Z. Hellinger-Kantorovich Gradient Flows: Global Exponential Decay of Entropy Functionals. arXiv preprint
Liero-Mielke-Tse-Z. Evolution of Gaussians in the HK-Boltzmann gradient flow. CPAA special issue on “Transport
Equations in Optimization, Sampling, and Control”

Gladin-Dvurechensky-Mielke-Z. Interaction-Force Transport Gradient Flows. NeurlPS 2024

Z. Inclusive KL Minimization: A Wasserstein-Fisher-Rao Gradient Flow Perspective. arXiv preprint

Z-Mielke. Kernel Approximation of Fisher-Rao Gradient Flows. arXiv preprint

Xu-Z. Gradient Flow Sampler-based Distributionally Robust Optimization. working paper

For more information, see the website: https://jj-zhu.github.io/
I'm hiring! Get in touch




Appendix



Insight on the variational principle:
kernel methods vs information geometry

Theorem [Z, 2024] Suppose the kernel k is bounded and integrally strictly
positive definite. Then, the solutions of the following variational problems
coincide:

7|v||v|D2 —MMDZ
min > () + (1, 1),

argmin Dgy, (7|p) + — DKL(M ).
neEP

Z. Inclusive KL Minimization: A Wasserstein-Fisher-Rao Gradient Flow Perspective



JKO splitting scheme

The PDE
ji=adiv (19 [ K du =) ()) =5 (u =)
can be simulated using the JKO scheme

. 1
(T3 argmin F(p) + — W3 (u, ut), (Wasserstein step)
HEP 2T

1
(< argmin F(u) + —MMD?(u, u+2),  (MMD step)
neP 2n

for F(p) =  MMD?(pu, 7).

-2



Interaction-Force Transport flow implementation

We keep track of the particles by their location Xf and their weight af.

Location update. For every particle location x/ ~ y,
2 .
Xf“ :x,-Z—T~V8#MMD [ue] (X,-e)7 i=1...,n,
where

Vv, MMD? ] (x /v K(z,%) d (p(z) = (2))

where the samples are drawn according to z; ~ p and y; ~ .

Weight update.

af !« of -exp (=1 - 0, MMD? ‘] (x/1))



