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Main Model

SIR Model [Kermack and McKendrick, 1927 with nonlocal

movement
ez cR% te[0,T]
o S(z,t): The number of susceptible individuals in z at time ¢.

@ I(x,t): The number of infected individuals in x at time ¢.

R(z,t): The number of recovered individuals in z at time t.

B: Infectious rate.

o «: Recovery rate.
S = div (SVVs[S, I, R]) — BSI,
oI = div (IVVy[S,I,R]) + BSI — o, (1)
R = div (RVVR[S,I,R]) + al.
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Spatial Movement

The spatial movement is mostly described using;:
e Diffusion |[Langlais and Busenberg, 1997, Kim, 2006]

e Nonlocal movement [Kuniya and Wang, 2018,
Yang and Wang, 2023, Bentout et al., 2023, Li, 2023|

Nonlocal Social Interaction: Let x be an individual in compartment
X (X € {S,1,R}). The movement of x is affected differently by other
individuals in each compartment based on their affiliation.

@ @
\%Wm—.
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We assume that the kernels satisfy the following conditions.

D"We, € LY(R?) N L™(R?)
for all multi-indexes v with 1 < |y| <2 and for all &, € {S,I,R}. (2)
Wep(—x) = Wep(x) for all x € R? and for all &,n € {S,I,R}. (3)
The operators Vg, Vi, and Vr model nonlocal aggregation of the
individuals in each compartment and are defined as:
Vs[S,I,R] =Wss xS+ Wgr*I+ Wgsp* R,
Vi[S,I,R] = Wis* S+ Wi I + Wig * R, (4)
VR[S,I,R] =Wgg* S+ Wgr*I+ Wggr* R.
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Main Theorem

Theorem 5 |Existence and uniqueness of solutions]

Assume the interaction kernels Wy, satisfy (2) and (3). Assume the
initial data Sp, Iy, Ro belong to L'(R?) N L>®(R?) N H'(R?) and are
nonnegative. Then, for any arbitrary time 1" > 0, there exists one and
only one

(S,I,R) € L>=([0,T]; (L'(R?*) N L*®(R?) N H'(R?)))3

solving (1) in the weak sense and having (Sp, I, Ro) as initial datum.

v
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Approximated problem

We consider, for a fixed £ > 0, the approximated problem

S, = div (SVVs[S, I, R]) — ST + eAS,
I, = div (IVVi[S, I, R]) + BST — ol + eAl, (5)
R; = div (RV VR[S, I, R]) + ol + eAR.

Proposition 6

Assume (2) and let the initial condition satisfy

(So, lo, Ro) € (L1 N L*® (RQ))g. Then, there exists T' > 0 such that
there exists one and only one classical solution

(S,I,R) € (C/2(R? x [0,T1))? to system (5) in R? x [0, 7] with initial
condition (Sp, Ip, Ro).

F. Ghaderi Z. Kermack-McKendrick type models for 14/09/2025



Proposition 7 [Uniform L? estimates and global existence]

Let (S, I, R) be the unique local solution to the system (5) found in
Proposition 6 and let p € [1,4+00]. Under the same assumptions of
Proposition 6, assuming further Sy, Iy, Rg € (L1 N L*> (Rz)) are
nonnegative functions, then, there exists a constant C' > 0 independent
of time and of & such that

1SC, OllLowe) + (s D) ze@ey + 1R )| o w2y
< (1+ IS0/l o) + 1 ol o2y + | RollLog2y) €8T, (6)

for all t € [0,T]. Consequently, the solution (S, I, R) found in
Proposition 6 exists globally in time.

= the family of solutions (S, I, R.) is weakly compact in LP
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8,8 = div (SVVs[S, I, R]) —BST,
oI = div (IVV;[S, I, R]) +BSI — al,
O:R = div (RVVR[S, I, R]) + al.

Proposition 8 [Uniform H! estimates]

Let (S, I, R) be the unique solution to the system (5). Assume the
interaction kernels satisfy (2) and that the initial functions Sy, Iy, Ry
belong to L'(R?) N L>(R?) N H'(R?) and are nonnegative. Then, for a
given T > 0, the H'-norm of (S(-,t),I(-,t), R(-,t)) is uniformly
bounded on [0, 7] with respect to € > 0.
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Proposition [Vanishing viscosity limit]

Let (S, I, R:) be the unique solution to the system (5) with the
diffusion constant € > 0. Under the assumptions of Theorem 5, there
exists a solution

(S,I,R) € L>=([0,T]; H*(R?))?

that solves (1) which is the € N\ 0 limit of a subsequence of (S;, I., R;)
in the L?(R? x [0, T])-sense for all T > 0.

Proposition 9 [Uniqueness]

Under the same assumptions of Theorem 5, for a fixed T' > 0, there
exists at most one weak solution to (1) with

L>([0,T]; LY(R?)N L*>®(R?) N H'(R?)) regularity with a given initial
condition (Sp, o, Ro) satisfying the assumptions of Theorem 5.
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SIS model with Nonlocal movement

Consider the following SIS Model with Nonlocal movement.

S = 8,(SW' (S +1)) —BSI +al,
Ol = 0,(IW' % (S+1))+ BST — al.

We restrict for simplicity to the one-space dimensional case and we set
2
W(z) = 2° — 7|z (7)

for some constant v > 0.

Basic Reproduction Number:
_ Mp
= e

Ro

where N = S + 1 and

M:AN@M>U
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Theorem 11 [Steady states]

The stationary system of the model (7) with W given by (7) with v > 0
has the one-parameter family of solutions

M
S(Z‘) = 71[77/2,7/2](1")7 I(I) =0

for all M > 0. Moreover, it has the additional one-parameter family of
solutions

M
S(z) = %1[_7/2,7/2} (x), I(z)= (7 = g) 1y 272 (@)

M € (?,—i—oo) .

for all
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Numerical Simulations - Disease Free Equilibrium
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Numerical Simulations - Endemic Equilibrium
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