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The Context

Variational Inference: Given a reference measure π ∈ 𝒫(ℝd)

dXt = ∇log π dt + 2 dWt Overdamped Langevin

Possible Approaches Otto-Wasserstein flow

∂tμ = Δμ + div(μ∇V )
= − 𝕂𝖮𝗍𝗍𝗈(μ)Dℰ(μ)

min
μ∈𝒢

ℰ(μ) := ∫ log( dμ
dπ ) dμ if μ ≪ π

+∞ otherwise

Assumption: , where  is -convex with π = e−V V λ λ > 0

{ℰ(μt) ≤ O(e−2λt) 𝗂𝖿 λ > 0,
ℰ(μt) ≤ O(t−1) 𝗂𝖿 λ = 0.

Jordan-Kinderlehrer-Otto `98 Ambrosio-Gigli-Savaré `05



The Context

Variational Inference: Given a reference measure π ∈ 𝒫(ℝd)

min
μ∈𝒢

ℰ(μ) := ∫ log( dμ
dπ ) dμ if μ ≪ π

+∞ otherwise

{ℰ(μt) ≤ O(e−2λt) 𝗂𝖿 λ > 0,
ℰ(μt) ≤ O(t−1) 𝗂𝖿 λ = 0.

Possible Approaches

Issues: 1) Scales badly with dimension 

2) Converges slowly for 

d ≫ 1
λ ≪ 1

Jordan-Kinderlehrer-Otto `98

⇝ Parametrized family of measures

⇝ Acceleration methods

E.g. Chen-Li-Wright-Tse `25

∂tμ = Δμ + div(μ∇V )
= − 𝕂𝖮𝗍𝗍𝗈(μ)Dℰ(μ)

Otto-Wasserstein flow

Ambrosio-Gigli-Savaré `05

Assumption: , where  is -convex with π = e−V V λ λ > 0



The Context

Variational Inference: Given a reference measure π ∈ 𝒫(ℝd)

ℰ(μt) ≤ O(e−βt)

Possible Approaches

Chen-Li-Wright-Tse `25

∂tσ + divx(σv) = divv(σ (v + eβt ∇Dℰ(μ)))
Hamiltonian flow

dXt = Vt dt
dVt = − Vt dt − eβt ∇Dℰ(μt)(Xt) dt

⇝ Doubling of dimensions

min
μ∈𝒢

ℰ(μ) := ∫ log( dμ
dπ ) dμ if μ ≪ π

+∞ otherwise

·βt ≤ 1

Assumption: , where  is -convex with π = e−V V λ λ > 0

⇝ Well-posedness open!



The Context

Variational Inference: Given a reference measure π ∈ 𝒫(ℝd)

min
μ∈𝒢

ℰ(μ) := ∫ log( dμ
dπ ) dμ if μ ≪ π

+∞ otherwise

Possible Approaches

∂tμ = α div(μ∇Dℰ(μ)) − β μ(Dℰ(μ) − ℰ(μ))
Kantorovich Spherical Hellinger

Spherical Hellinger-Kantorovich flow
Wasserstein-Fisher-Rao

= − α𝕂𝖮𝗍𝗍𝗈(μ)Dℰ(μ) − β𝕂𝖲𝖧𝖾(μ)Dℰ(μ)

= − 𝕂α,β(μ)Dℰ(μ)

Liero-Mielke-Savaré `18

Assumption: , where  is -convex with π = e−V V λ λ > 0



The Context

Variational Inference: Given a reference measure π ∈ 𝒫(ℝd)

min
μ∈𝒢

ℰ(μ) := ∫ log( dμ
dπ ) dμ if μ ≪ π

+∞ otherwise

Possible Approaches Spherical Hellinger-Kantorovich flow

∂tμ = α div(μ∇Dℰ(μ)) − β μ(Dℰ(μ) − ℰ(μ))
Stochastic process? Convergence rate?

Le Cavil-Oudjane-Russo ‘19

Feynman-Kac

Lu-Lu-Nolen ‘19

If initial data is sufficiently close, then 
decay rate is independent of λBirth-death Accelerated Langevin

⇝ Gaussian family

Wasserstein-Fisher-Rao

Assumption: , where  is -convex with π = e−V V λ λ > 0

Mielke-Savaré-Tse ?
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Gaussian SHK Flow

𝒢 = {𝖦(Σ, m) ∈ 𝒫(ℝd) : Σ s.p.d, m ∈ ℝd}

·Σ = α(2I − Γ−1Σ − ΣΓ−1) + β(Σ − ΣΓ−1Σ)
·m = − (α + βΣ)Γ−1(m − n)

Gaussian measures:

Let  and .  Thenμ = 𝖦(Σ, m) π = 𝖦(Γ, n)

Questions 1) Is there a gradient structure?

2) Does the Hellinger term improve long-time asymptotics?

Lambert-Chewi-Bach-Bonnabel-Rigollet ‘23 Chen-Huang-Huand-Reich-Stuart ‘23

Remarks 1) Equation for  is standalone!

2) There is an explicit solution for !

Σ
Σ
⇝ Total decay estimate subjected to Σ

(BWFR)

∂tμ = − 𝕂α,β(μ)Dℰ(μ)
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Gaussian SHK Flow

𝒢  𝖦   𝒫     

·Σ = α(2I − Γ−1Σ − ΣΓ−1) + β(Σ − ΣΓ−1Σ)
·m = − (α + βΣ)Γ−1(m − n)

Gaussian measures:

Let  and .  Thenμ = 𝖦  π = 𝖦

Questions 1) Is there a gradient structure?

2) Does the Hellinger term improve long-time asymptotics?

Lambert-Chewi-Bach-Bonnabel-Rigollet ‘23 Chen-Huang-Huand-Reich-Stuart ‘23

Remarks 1) Equation for  is standalone!

2) There is an explicit solution for !

Σ
Σ
⇝ Total decay estimate subjected to Σ

(BWFR)

∂tμ = − 𝕂



Gaussian SHK Flow

Proposition (Maas-Mielke ’20). Let  be a gradient system and (𝔛, ℰ, 𝕂)
 be an embedding such that  is a smooth submanifold

that is invariant under .  Then the restricted flow on 

has a gradient system  with reduced energy ,
and the reduced Onsager operator is given by

ι : 𝔐 → 𝔛 ι(𝔐) ⊂ 𝔛
∂tμ = − 𝕂(μ)Dℰ(μ) 𝔐
(𝔐, ℰ𝗋𝖾𝖽, 𝕂𝗋𝖾𝖽) ℰ𝗋𝖾𝖽 = ℰ ∘ ι

⟨η, 𝕂𝗋𝖾𝖽(ω) η⟩ = inf{⟨ξ, (𝕂 ∘ ι)(ω) ξ⟩ : Dι(ω)*ξ = η}
Reduce SHK gradient structure

𝔐 = 𝖬𝖺𝗍+,sym(d) × ℝd, ι = 𝖦

𝒢 = {𝖦(Σ, m) ∈ 𝒫(ℝd) : Σ s.p.d, m ∈ ℝd}Gaussian measures:

⇝ ι(𝔐) = 𝒢 ⊂ 𝒫(ℝd)

·ω = − 𝕂𝗋𝖾𝖽
α,β(ω)Dℰ𝗋𝖾𝖽(ω), ω = (Σ, m)

∂tμ = − 𝕂α,β(μ)Dℰ(μ)



Gaussian SHK Flow

Reduce SHK gradient structure 𝔐 = 𝖬𝖺𝗍+,sym(d) × ℝd, ι = 𝖦

𝒢 = {𝖦(Σ, m) ∈ 𝒫(ℝd) : Σ s.p.d, m ∈ ℝd}Gaussian measures:

·ω = − 𝕂𝗋𝖾𝖽
α,β(ω)Dℰ𝗋𝖾𝖽(ω), ω = (Σ, m)

= − α𝕂𝗋𝖾𝖽
𝖮𝗍𝗍𝗈(ω)Dℰ𝗋𝖾𝖽(ω) − β𝕂𝗋𝖾𝖽

𝖲𝖧𝖾(ω)Dℰ𝗋𝖾𝖽(ω)
where

ℰred(ω) = 1
2 |m − n |2

Γ−1 + 1
2 (tr[Γ−1Σ − I] − log det(Γ−1Σ))

=: ℱ(Σ)

𝕂red
𝖮𝗍𝗍𝗈(ω)[Λ] 𝕂red

𝖲𝖧𝖾(ω)[Λ]= [2(ΛΣΣ + ΣΛΣ) 0
0 Λm] = [2ΣΛΣΣ 0

0 ΣΛm]

∂tμ = − 𝕂α,β(μ)Dℰ(μ)

= [𝔸(Σ)ΛΣ 0
0 Λm] = [𝔹(Σ)ΛΣ 0

0 ΣΛm]



Gaussian SHK Flow ∂tμ = − 𝕂α,β(μ)Dℰ(μ)

Reduce SHK gradient structure 𝔐 = 𝖬𝖺𝗍+,sym(d) × ℝd, ι = 𝖦

𝒢 = {𝖦(Σ, m) ∈ 𝒫(ℝd) : Σ s.p.d, m ∈ ℝd}Gaussian measures:

·ω = − 𝕂𝗋𝖾𝖽
α,β(ω)Dℰ𝗋𝖾𝖽(ω), ω = (Σ, m)

= − α𝕂𝗋𝖾𝖽
𝖮𝗍𝗍𝗈(ω)Dℰ𝗋𝖾𝖽(ω) − β𝕂𝗋𝖾𝖽

𝖲𝖧𝖾(ω)Dℰ𝗋𝖾𝖽(ω)
where

ℰred(ω) = 1
2 |m − n |2

Γ−1 + 1
2 (tr[Γ−1Σ − I] − log det(Γ−1Σ))

=: ℱ(Σ)

𝕂red
𝖮𝗍𝗍𝗈(ω)[Λ] 𝕂red

𝖲𝖧𝖾(ω)[Λ]= [𝔸(Σ)ΛΣ 0
0 Λm] = [𝔹(Σ)ΛΣ 0

0 ΣΛm]
·Σ = − α𝔸(Σ)Dℱ(Σ) − β𝔹(Σ)Dℱ(Σ), Dℱ(Σ) = 1

2 (Γ−1 − Σ−1)
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Decay Estimates

Theorem. (Geodesic convexity)

 is -convex w.r.t.    if and only if   and ℰ𝗋𝖾𝖽 λ 𝕂𝗋𝖾𝖽
α,β β = 0 λ ≤ αλmin(Γ−1)

⇝ Hellinger term destroys geodesic convexity!

Long-time asymptotics

d
dt

ℱ(Σ) = − ⟨Dℱ(Σ), (α𝔸(Σ) + β𝔹(Σ))Dℱ(Σ)⟩ =: − 𝒟α,β (Σ)

Theorem. (Gradient dominance)

Global: ∃ c𝖯𝖫 > 0 : 𝒟α,β (Σ) ≥ c𝖯𝖫ℱ(Σ) ⟺ αλmin(Γ−1) > 0

Sublevel: ∀E > 0, ∃ c𝖯𝖫(E) > 0 : ∀Σ : ℱ(Σ) ≤ E
𝒟α,β (Σ) ≥ c𝖯𝖫(E)ℱ(Σ) Works also when 

!αλmin(Γ−1) = 0

·Σ = − α𝔸(Σ)Dℱ(Σ) − β𝔹(Σ)Dℱ(Σ)

ℱ(Σ) = 1
2 (tr[Γ−1Σ − I] − log det(Γ−1Σ))



Decay Estimates

Theorem. (Refined estimates) 

For any , there exists a constant :Σ0 ∈ dom ℱ cβ = cβ (Σ0)

ℱ(Σ(t)) ≤ cβ e−νtℱ(Σ0)

with ν = 2αλmin(Γ−1) + β

Idea. Set  with eigenvalues .  ThenB := Γ−1/2ΣΓ−1/2 (bi)

1 ∧ 𝔟−1
i (t) ≤ bi(t) ≤ 1 ∨ 𝔟i(t) , 𝔟i(t) := 1 + (bi(0) − 1) e−νt

ℱ(Σ) = 1
2 ∑i

ϕ(bi) , ϕ(r) = r − 1 − log r
Noticing that

and d
dt

ℱ(Σ) ≤ − (2αλmin(Γ−1) + βbmin)ℱ(Σ) ,

a careful application of Gronwall’s inequality yields the result. 

⇝ Hellinger term is independent of !Γ

·Σ = − α𝔸(Σ)Dℱ(Σ) − β𝔹(Σ)Dℱ(Σ)

ℱ(Σ) = 1
2 (tr[Γ−1Σ − I] − log det(Γ−1Σ))
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Non-Gaussian Target ·ω = − 𝕂𝗋𝖾𝖽
α,β(ω)Dℰ𝗋𝖾𝖽(ω)

·Σ = α(2I − Γ−1Σ − ΣΓ−1) + β(Σ − ΣΓ−1Σ)
·m = − (α + βΣ)∫ ∇V(x) 𝖦(Σ, m)(dx)

Let  and , where  is -convex with .  Thenμ = 𝖦(Σ, m) π = e−V V λ λ > 0

(BWFR)

with Γ−1 = ∫ ∇2V(x) 𝖦(Σ, m)(dx)

Theorem. (Existence of minimizer)  attains a unique minimizer in . ℰ𝗋𝖾𝖽 𝔐

Theorem. (Decay estimate)

Let  be -convex with .  ThenV λ λ > 0

with γ ∝ λ

ℰ𝗋𝖾𝖽(ω(t)) ≤ e−γt ℰ𝗋𝖾𝖽(ω0) + (1 − e−γt) min
η∈𝔐

ℰ𝗋𝖾𝖽(η)



Non-Gaussian Target ·ω = − 𝕂𝗋𝖾𝖽
α,β(ω)Dℰ𝗋𝖾𝖽(ω)

Theorem. (Decay estimate)

Let  be -convex with .  ThenV λ λ > 0

with γ ∝ λ

ℰ𝗋𝖾𝖽(ω(t)) ≤ e−γt ℰ𝗋𝖾𝖽(ω0) + (1 − e−γt) min
η∈𝔐

ℰ𝗋𝖾𝖽(η)

Idea. Since  is -convex,  is -convex w.r.t. . Hence, for any :V λ ℰ λ 𝕎2 ω ∈ 𝔐

ℰ𝗋𝖾𝖽(ω) − inf
η∈𝔐

ℰ𝗋𝖾𝖽(η) ≤ 1
2λ |∂𝖮𝗍𝗍𝗈ℰ𝗋𝖾𝖽 |2 (ω)

Additionally,  |∂𝖮𝗍𝗍𝗈ℰ𝗋𝖾𝖽 | (ω) ≤ λmin(Σ) |∂𝖲𝖧𝖾ℰ𝗋𝖾𝖽 | (ω)

Putting these together yields  

d
dt

ℰ𝗋𝖾𝖽(ω(t)) = − α |∂𝖮𝗍𝗍𝗈ℰ𝗋𝖾𝖽 |2 (ω) − β |∂𝖲𝖧𝖾ℰ𝗋𝖾𝖽 |2 (ω)

≤ − (α + βλmin(Σ)) |∂𝖮𝗍𝗍𝗈ℰ𝗋𝖾𝖽 |2 (ω)



Non-Gaussian Target ·ω = − 𝕂𝗋𝖾𝖽
𝗋𝖾𝖽

·Σ = α(2I − Γ−1Σ − ΣΓ−1) + β(Σ − ΣΓ−1Σ)
·m = − (α + βΣ)∫ ∇V(x) 𝖦

Let  and , where  is -convex with .  Thenμ = 𝖦  π = e−V V λ λ > 0

(BWFR)

with Γ−1 = ∫ ∇2V(x) 𝖦

Theorem. (Existence of minimizer)  attains a unique minimizer in . ℰ𝗋𝖾𝖽 𝔐

Theorem. (Decay estimate)

Let  be -convex with .  ThenV λ λ > 0

with γ ∝ λ

ℰ𝗋𝖾𝖽   𝗋𝖾𝖽    
𝔐

𝗋𝖾𝖽
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Summary

Decay estimates for Gaussian target

SHK flow

∂tμ = − 𝕂α,β(μ)Dℰ(μ)

Gaussian SHK flow
·ω = − 𝕂𝗋𝖾𝖽

α,β(ω)Dℰ𝗋𝖾𝖽(ω)

Geodesic convexity

Gradient dominance

Refined estimates

⇝

ℰ𝗋𝖾𝖽(ω(t)) ≤ cβ e−νt ℰ𝗋𝖾𝖽(ω0)
ν = 2αλmin(Γ−1) + β



Outlook

Decay estimates for Gaussian target

SHK flow

∂tμ = − 𝕂α,β(μ)Dℰ(μ)

Gaussian SHK flow
·ω = − 𝕂𝗋𝖾𝖽

α,β(ω)Dℰ𝗋𝖾𝖽(ω)

Geodesic convexity

Gradient dominance

Refined estimates

⇝

Decay estimates for non-Gaussian target

Justification of numerical scheme

Thank you! 

ℰ𝗋𝖾𝖽(ω(t)) ≤ cβ e−νt ℰ𝗋𝖾𝖽(ω0)
ν = 2αλmin(Γ−1) + β


