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1 Introduction to Mean Curvature
Flow

Let M"™ be closed, and F': M™ x [0,T) — R™*! be a smooth family of immersions.
Let M; := F(M,t). We call this family a Mean Curvature flow, MCF for short,

starting at an initial immersion Fy, if

OF B}
o= H-v=H (=0uF)
F(-,0)= F, ,

where H = A\ + --- + A, and \; are the principal curvatures of M;, i.e. the
eigenvalues of the Weingarten map Dv : T,M — T,M, where v is a choice unit

normal vector field.

Remark 1.0.1: i) A sphere with initial radius Ry evolves with radius R(t) =
VR —2nt .
ii) The evolution equation for a surface, which is locally given as the graph of a

function wu, is

Du DDy
i =1/14|Dul? div(—) = (5” — —)DiDu.
[P V1+ [Dul? L+ [Duf? )
This is a quasilinear parabolic equation. The strong maximum principle for such

equations implies:

e avoidance principle: If two mean curvature flows (M} )iejo.ry and (Mp)seqo,r)
are initially disjoint (and at least one of them is compact), i.e. MgNMZ =0
then Mg N M2 =0 Vte (0,7). Thus by i) the maximal existence time of
any MCF starting with a closed initial M is finite.
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e If M is embedded, then M; is embedded for all ¢. In this case we will always

choose v to be the outward unit normal.

iii) Writing the evolving surfaces for t close to zero as normal graphs over the
initial surface with height function v, one can show that v satisfies a similar
quasilinear parabolic equation as above. Standard theory then guarantees short-

time existence and uniqueness.

iv) Mean curvature flow is the L?-gradient flow of the area functional, i.e. com-
paring with normal speeds with the same L?-norm, the mean curvature is the

speed which decreases the area of the surface the fastest.

In the following we denote by

__[oF oF
i = 81’1"61’j

the induced metric on M;, and its second fundamental form A = {h;;} by

b oF 0 0’F
p— _— = — 1% .
" aiﬂi’ (9.’133' ax]’al’i’

The inverse of the metric g;; will be denoted by ¢g”. Then the matrix of the

Weingarten map is given by hij = ¢''hy; and the mean curvature by H = h, =
g¥ hij = A + ...+ A,. The square of the norm of the second fundamental form
will be denoted by |A|*> = ¢"" ¢ hpshn: = RS, = A2 + ...+ A\2. We denote the

induced measure on M; by dpu.

Lemma 1.0.2. The following evolution equations hold.

)

—v=VH —q.. = —2HPh...

o’ =V ot i

o . g )

— g = 2HhY —dp=—H"d

at” ot a

9 m d i i i
57 his = Ahij = 2H i + |A|?hi; oG = AN+ | AR,
%)

5 H = AH + |A|”H %\AP = AJA]? - 2|VA]? +2/A]*



For a proof of these evolution equations see [19].

In the following we will often make use of the maximum principle, which we state

here for scalar functions and symmetric 2-tensors.

Theorem 1.0.3 (Strong maximum principle for parabolic equations).
Let f: M x [0,T) — R satisfy

%—J;ZAf—i‘bivif—FCf

for some smooth funtions b, c, where ¢ > 0. If f(-,0) > 0 then

Furthermore, if f(p,to) = miny f(-,0) for some p € M, t > 0, then f =
miny f(+,0) for 0 <t <t.

Theorem 1.0.4 (Strong maximum principle for symmetric 2-tensors (Hamil-

ton)). Let mij be a symmetric bilinear form, which solves

om

o = Amly + ¢5(m5),

J

where gbij 1s a symmetric bilinear form, depending on mij, with the property
gbl](mzj) >0 z'fmij > 0. Ifmij >0 fort =0 thenmij > 0 for all t > 0.
Furthermore, for t > 0, the rank of the null-space of mij 1s constant, and the

null-space 1s invariant under parallel transport and invariant in time.

The evolution equations for H and hij thus imply

e If H>0att=0,then H > 0 for ¢t > 0. Furthermore miny, H(-,t) is

strictly increasing in time.

o If M, is convex, then M, is strictly convex for ¢ > 0.
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1.1 The maximal time of existence

We now want to show that the solution exists as long as |A| stays bounded. To

do this we first need the evolution equation of higher derivatives of A.

Lemma 1.1.1.

%\VmA\Z = AVPAP =2 VTAR 4 3T VA VAR VEAR V™A

i+j+k=m

For a proof see [15].

With this we can show that all higher derivatives of A stay bounded if A is
bounded.

Proposition 1.1.2. If |A]> < Cy on M x [0,T), then
|IV"A]2 < Oy on M x[0,T),

where C, = Cy,(n, My, Cp).

Proof. We have

B, A A
a|va|2gA|va|2—2|vm+1A|2+C(n,m) > VAV A VEAL VAL

i+j+k=m

We give a proof by induction. The case m = 0 is trivially true. So we assume
that for m > 0 we have |[V!A|? < C) for 0 <1 < m — 1. Thus

%\V"HAP < AIVTTLAPR - 2|V AP + B,

0
a\V’”AP < A|V™AP? + B (14 |V™A]P).
We consider the function f := |V™A|*> + B,,|V™ 1 A|?, which satisfies

g—{gAf—Bm|VmA|2+B§Af—Bmf+B/-
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Thus f := eBnt f — B't satisfies

of .
o SO

which implies f(¢) < max,; f(0) and thus

ft) < e_Bmt(mﬁX f0)+tB) <

Let us assume from now on that [0,7) is the maximal time of existence of the

flow.

Corollary 1.1.3. We have lim sup,_,; maxyy, |A|* = co.

Proof. Let us assume to the contrary that |A]* < Cj for t € [0,7). By theorem
1.1.2 all higher derivatives of A are bounded. This implies that F'(-,¢) converges
smoothly to a limiting immersion F'(-, 7). But by short-time existence this implies
that we can extend the solution further, which contradicts the assumption that

T is maximal. O

One can even show that bounds on the second fundamental form imply local

bounds for all higher derivatives.

Theorem 1.1.4 (Ecker/Huisken [9, 8]). Let (M) be a smooth, properly embedded
solution of MCF in B,(x¢) x (to — p*, to) which satisfies the estimate

for all x € My N B,(z0) and t € (tg — p*,to). Then for every m > 1 there is a
constant C,, depending only on n,m and Cy such that for all x € M; N B,s(x0)
and t € (tg — p?/4, 1),

VA2 < 20m

p (m+1) -~
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1.2 The monotonicity formula

We consider for t < t,

1 e

x )t = G )
p 07t0<x ) (47T<t0 _ t))n/Qe ’

which is the backward heat kernel in R"™! based at (x, ty) and scaled by a factor
(47 (to —t))/2. G. Huisken discovered the following monotonicity property under
MCF:

d S (z—m)t 2
C A s di = — ‘H W) 1T, du fort <to.
dt /p 0,t0 AH / + 2(75() —t) Pzo,to A1 or 0
Mt Mt

We will see that this implies that close to a singularity the flow is nearly self-
similar - that is it is nearly moving only by homotheties. This can be seen as

follows. For A\ > 0 consider the following parabolic rescaling of the flow
(1.1) Ex(,t) == A(F (-, A7t + to) — xo)

where t € [—\?ty, \>(T — ty)). This corresponds to translating the point (zg, to)
to (0,0) in space-time, and rescaling space by a factor A and time by a factor A\2.

This again constitutes a mean curvature flow. Let
@t(x()»t()) = /pxoﬂfo d,u,
My

which is decreasing in time and thus the limit

lim @t(ﬁo,to) = (“)({E(),to)

t/‘t()

exists and is called the Gaussian density at (xq,to). The monotonicity formula

implies

i = (v —m)t 2 ,
O4(z0, to) — O(z0,t0) = // )H+ ﬁ Po,to Apdt’ .
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We now consider a sequence \; — oo of rescalings, and take a fixed time t; €

[—A?tg,0). One can check then that the last formula implies

1

2t

—

(12)  ©,.1-2, (@0, to) — O(0.tg) = / / i

2
£0,0 d/L dt/ .

If one assumes that (Mt’\") converges smoothly to a limiting mean curvature flow
(M), defined on (—o0,0), then the above formula implies that M;® satisfies

€1

=" e H=0Y
2t —2t

for t < 0. This implies that the solution is self-similar, i.e. it only moves by

scaling

Mt: \/—t'Mfl.

Remark 1.2.1: i) One calls a singularity at time T of type I, if we one has the
bound
sup |A]? < ——
Mtp| = T—t
for some C. Doing a parabolic rescaling around a point (xg,7") as above one sees
that this bound is scaling invariant, and one can show that the flows converge
subsequentially (at least locally) to a smooth limiting flow, which is self-similarly

shrinking.

ii) Singularities which do not satisfy this bound are called type II singularities.
Even in this case, one can still show that one can extract a weak limit, where the
limiting object is not a smooth MCF anymore, but a so-called Brakke-flow. A
Brakke flow is a family of moving varifolds, which satisfies MCF in an integrated

sense.

iii) The above monotonicity formula implies that the Gaussian density is upper
semicontinous in (xg,to) and also if one considers converging sequences of flows.
In the case that we have a sequence of rescalings as above, the limit is self-similar
with ©,(0,0) constant in time and equal to the initial Gaussian density O(zo,ty).
Since at every smooth point of the flow © = 1, we have that at each singular

point © > 1. Similarly, any point reached by the flow has © > 1.
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For n > 2 one can classify all self-similar solutions, which habe non-negative mean

curvature.

Theorem 1.2.2 (Huisken [16, 17], Colding/Minicozzi [7]). If M™, for n > 2, is
an embedded hypersurface in R™ | with non-negative mean curvature, satisfying
H = (x,v)/2, then M™ is of the form

S s X B

form=0,...,n.

This has deep implications for the structure of singularities of mean curvature

flow of mean convex surfaces. For curves no condition is needed:

Theorem 1.2.3 (Abresch/Langer [1]). The only embedded, closed curves in R?

satisfying k = (x,v)/2 are either a straight line through the origin or the circle of
radius /2.



2 Evolution of closed curves in the

plane

In this section we consider the evolution of closed curves in the plane under curve
shortening flow, that is mean curvature flow in R2. The evolution equation for a
smooth family of curve (7;) is then given by

d d

dw _

dt
where k is the curvature vector of the curve. In the following we want to present

a proof of the following two theorems.

Theorem 2.0.4 (Gage/Hamilton [11]). Simple, closed, conver curves remain

conver under curve shortening flow and shrink in finite time to a ‘round’ point.

Theorem 2.0.5 (Grayson [12]). Under curve shortening flow, simple, closed cur-

ves become convex in finite time.

Grayson’s argument, following the work of Gage and Hamilton for convex curves,
is rather delicate. More recently the proof has been simplified by using isoperi-
metric estimates to rule out certain types of singularities: Huisken [18] proved an
estimate, controlling the ratio between the intrinsic and extrinsic distance between
two points on the evolving curve, and Hamilton [14] gave an estimate controlling
the ratio of the isoperimetric profile to that of a circle of the same area. The proof
then follows in both cases by destinguishing type I and type II singularities. In
the first case one can use Huisken’s monotonicity formula and the classification of
self-similarly shrinking solutions to show that the asymptotic shape of the solution

is the shrinking circle. In the case of a type II singularity one can do a rescaling

11
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to produce a convex limiting curve, which by Hamilton’s Harnack estimate [13]
has to be the 'grim reaper’ curve. But this violates the isoperimetric bound ruling
out singularities of type II. Very recently, using a refined isoperimetric estimate, a
very elegant and direct proof of Grayson’s result has been given by Andrews and
Bryan [3] which does not use Huisken’s monotonicity formula or the classification

of singularities.

In the following we will present Huisken’s estimate on the ratio between the
extrinsic and intrinsic distance. Using the monotonicity formula we then show
that one can give a proof of Grayson’s result by using only Huisken’s monotonicity
formula and the classification of self-similarly shrinking curves, thus avoiding the

analysis of type II singularities.

2.1 Intrinsic versus extrinsic distance

In this section we will present Huisken’s proof that given two points p,q on ~,,
the ratio between the intrinsic distance along the curve and the extrinsic distance

stays controlled under curve shortening flow. We follow the original article [18].

Let F: S' x[0,T) — R? be a closed, embedded curve moving by curve shortening
flow. Let L(t) be the total length of the curve, and [ be the intrinsic distance
between two points, which is defined for 0 < [ < L/2. Let the smooth function
¥ : St x S x [0,7) — R be given by

L . /lr
o= sin ()
Note that since sin <lf”) = sin (@) the function is smooth at points (p,q)

with I(p,q) = L/2. Then the ratio d/v, where d(p,q) = |F(p) — F(q)| is the
extrinsic distance between two points on the curve, is equal to 1 on the diagonal
of St x S! for any smooth embedding of S! — R? and the ratio d/v is identically

1 on any round circle.

Theorem 2.1.1 (Huisken). The minimum of d/¢ on S' x St is non-decreasing

under curve shortening flow.
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Proof. Since d/v is equal to one on the diagonal, it is sufficient to show that
whenever d /i has a spatial minimum (d/¥)(p,q,t) < 1, at some pair of points
(p,q) € S' x S, and some time ty € [0,7), then

/) p.0,0) > 0.

We take s to be the arclenght parameter at time ¢y, and without loss of generality
0 < s(p) < s(q) < L(to)/2, such that I(p,q) = s(q) — s(p). For any variation
£ € T,S;, ® T,S;, we have that the for the first and second variation

5(E)(d/Y)(p,q.te) =0 8*(€)(d/v)(p,q,t0) =0

From the vanishing of the first variation for £ = e; @ 0 and £ = 0 & e, one can

easily compute that

(2.1) (w,e1) = (w,eq) = gCOS <%T> ,

where e; = %F(p, to), €2 = %F(qvt()) and w = —d~'(p, ¢, to) (F(p, to) — F (g, t0)).

This implies two possibilities.

Case 1: e; = ey. Choosing & = e; @ es in the second variation inequality we can

compute that

(2.2) 0 < 62(er @ e2)(d/0) — %«u, F(qt0) — F(p.10))

Case 2: e; # ep. Using that in this case e; + es is parallel to w and using the

second variation inequality with £ = e; © ey one can deduce that

(2.3) 0 < 6*(e1 © e2)(d/t)) = i“‘” k(q,to) — K(p, to)) + 4%% :

We can now estimate (d/dt)(d/v). Using the original evolution equation and that
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(d/dt)(ds) = —k*(ds) we see

d/d 1 - - dd/L . /lr
£(5> = @<F(q,t0) — F(p,t0), k(g to) — k(p, to)) — EE<; sin (f))
1 - - d
= E<w,k(q,to) — k(p, t0)> - e sina/kz2 ds
Sl
d / dl
+@cosoz/k2ds—¢2—[/cosa/k2ds,
P St

where we introduced o = Iw/L, 0 < a« < L/2. Again we distinguish the two cases

from above:

Case 1: e; = ey. Using (2.2) we see

q
dsd d d dl
(=) > — 2 2 _ 2
dt(@b) - Q/JL/k d8+w2 Cosa/k ds wQLCOSQ/k ds

St P St

q
- d l 2 d 2
_wL(l wcosa)/k: ds+w2cosa/k: ds .

St p

Now note that écosoz = a(tana)™! < 1, since 0 < o < 7/2 by assumption. This

shows the desired sign on the time derivative.
Case 2: €1 # ey. By (2.3) we have

q

d/d 47 d d l 9 d 9

£<E> > _FJjLw_L(l_ acosa)/k ds—i—ﬁcosa/k ds .
st p

Since fSl k ds = 27 the Holder inequality gives

/k:stZ %(/kds):%ﬂz,

st St
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and since as before (1 — icos a) > () we obtain

ddy _ d a2

d 2
(2.4) E(a)zwcosa(— 2 —l—l/k d5> .
P
But now notice that
q q 2
l/k:2d32(/kds> = (2
P p

where 0 < 8 < 7 is the angle between e; and e;. Since e + e5 is parallel to w we

have by equation (2.1)

cos <—) = (e1,w) = (eg,w) = g(:0504

2 (4
and since by assumption (d/¢)(p,q,to) < 1 we have cos(f/2) < cosa and thus

a < /2. Thus
q

4722
2 2 2 _
l/kdsZ,B > 4a” = 2
P
which implies the desired inequality. O]

Remark 2.1.2: Note that this implies that min,, g > min., % > 0 for all t €
[0,T") since we assume that the initial curve is embedded. It is also important to

note that this quantity is invariant under scaling.

2.2 Convergence to a 'round’ point

The distance comparison principle from the last section will enable us to show
that if (zo,T") is a singular point of the flow, then any sequence of rescaling as in

(1.1) converges to the homothetically shrinking circle.

We will first show the following weaker convergence result.

Lemma 2.2.1. Let (xg,T) be a point reached by the flow. Then for any sequence

of rescalings as in (1.1) with \; — oo there exists a subsequence, labeled again the
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same, such that for almost all t € (00,0) and for any o € (0,1/2)
7= A

mn C’llo’f‘, where 4, is either a constant line through the origin or the self-similarly

shrinking circle.

Proof. Let

o gt

E—
2t

2
po}o(', t) dS.

fit) == /

Ag

Tt

Note that (1.2) implies that f; — 0 in L] _((—00,0]). Thus there exists a subse-

loc

quence such that f; converges point-wise a.e. to zero. This implies that for any

such ¢ and R > 0
/ |k|*ds < C,

>\A
Vt *NBRr(0)

independent of i. By choosing a further subsequence we can assume that ~}
converges in Cllo’f to a limiting curve. Note first that the distance comparison
principle from the last section implies that no higher multiplicities can develop,
and the limiting curve is embedded. Note further that each limiting curve is in

2,2 : .
W and is a weak solution of

.TJ'

2_t .

By elliptic regularity, each such curve is actually smooth, and thus by theorem

R =

1.2.3 the limiting curve is either a straight line through the origin or the centered
circle of radius v/ —2t. [

Note that the Gaussian density of a line through the origin is one, and the Gaus-
sian density of the shrinking circle can be computed to be \/ﬂ ~ 1.520. Since
the Gaussian density of the limiting flow coincides with the Gaussian density of
the initial flow at the point (z¢,7") we only have the following two cases. Either
any rescaling subconverges to a line through the origin or all rescalings converge

to the shrinking circle - independently of the sequence of rescalings chosen.

Let us first consider the case that ©(zg,T) = 1, so any sequence of rescalings has
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a subsequence which converges for a.e. t to a line through the origin. Note that
by using big spheres as barriers we see that the orientation of the limiting line
does not depend on t. We can assume w.l.o.g. that the limiting line is the axis
{z5 = 0}. Again by using spheres as barriers we can actually see that for e > 0

there exists ig such that for i > iy we have
’}/t/\l N B100<O) C {|$2| < E} N Bl()()(O) for all t € [—2, 0)

We now fix such an i > ig. We want to show that (z¢,%y) is a smooth point of
the flow, that is, there is a C' > 0 such that

k| i, <C  forallte[-1,0).
Ve B1(0)
(Note that this implies by theorem 1.1.4 that ; is smooth in a neighbourhood of

(x9,T) and thus any sequence converges to the same line through the origin).

By the previous lemma, we can assume that there is a ¢ty € (=3, —2) such that
fy?(j is C1-close to {zy = 0} on Bjgo(0). This implies that f@;‘ can be written as
a graph of a function with bounded gradient over {xs = 0} on Bj¢(0). A deep
result by S. Angenent [4, 5, 6] states that the number of intersections between two
graphical solutions of curve shortening flow is decreasing in time. This implies, by
comparing with tilted static lines, that %): remains a graph with bounded gradient
in Byo(0) over {zy = 0} for all t € (to,0). The interior estimates for graphical
mean curvature flow of Ecker/Huisken [10] then imply the claimed bound on the

curvature.

Alternatively one can use that due to the C'1®-convergence, the Gaussian densities
at to
Oy (z,t0 +7%) < 14¢

for all 0 < r < rg and = € Bso(0). A regularity theorem for mean curvature Flow
due to B. White [20] then states that for ¢ < ey = g¢(n) the second fundamental
form (and all its derivatives) are bounded on Bjo(0) X [to + 1,to + r2/2]. In our

case we can assume that rq > 3, which yields the desired bound.

Note that by the previous reasoning there has to exist a point (zg,7") such that
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every rescaling sequence has a subsequence which converges point-wise a.e. to
the shrinking circle. Note that we thus can assume that for every € > 0 there is
a Ao > 0 such that for every A > \g there exits a ¢, € (—3, —2) such that

(2.5) 7& is e-close to v/—2ty - S' in CH*.
By using shrinking spheres as barriers, this implies that for € small enough

% C Bligoeyy=m(0) \ Bi_geyy=z(0)  forallt e (=2,-1).

This implies that on (—2, —1) the subsequence converges in Hausdorff distance to
the shrinking circle. But since every rescaling sequence has such a subsequence,
this implies that for every sequence the flow converges on (—2,—1) in Hausdorff

distance to the shrinking circle. This already implies that the rescaled curves
(2.6) (T = )72 (3 — 29) = S,
in Hausdorff distance.

To prove higher order convergence one can use (2.5) together with the regularity
result of B. White as described above. We want to present an alternative way
here. To do this note that (2.5) implies that for e small enough, ~;) is strictly
star-shaped with respect to the origin, i.e. (x,v) > 0. We fix such a A > X\y. The

quantity (x,v) satisfies the following evolution equation

(2.7) %(x, v) = Alz,v) + (z,v)k* — 2k

and we also recall the evolution equation of the curvature

d
—k=Ak+ K.
dt +

Thus the function f := (x,v) + 2(t — t\)k satisfies the evolution equation

d 2
Zf = Af+ fk

and by the maximum principle, since f(ty) > 0, we have f > 0 for t > t, on (7}).
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This implies
(z,v)

>_ 7 s -
= 2(t —t)\) = C(0 OIl( 270)

Note that this one-sided curvature bound, together with (2.6), implies already

C'-convergence of the rescaled curves. Thus we can assume that for ¢ > —2 the

curves ;' are strictly star-shaped with respect to the origin, i.e.
x
<W,u>2(5>0 forall —2<t<0
x
Together with (2.6) this implies
(x,v)y > 28>0,

where we can choose f = §v/—t'/2 on (—2,t'). Now note that

%(l@ +2Cy) = Ak + k* = A(k + 2Cp) + (k + 2C)k* — 20,k

< Ak +2C) + (k +2Co) k> .

This implies, together with (2.7), that the function

k+2C,
<I7V>_5

satisfies

dv < Av+ L<V<$,I/>,VU> + <2 —p

k >v2
dt (x,v) — k+2Cy/

on (—2,t'). Thus by the maximum principle we get a contradiction if v reaches a

new maximum C at t € (—2,¢') which is bigger than max;—_» v and

k2

<0
k+2Cy

(2.8) 2—0
Note that v > C; implies that at that point

k> BC, — 20, .
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One can show that this implies (2.8) if

4 2Cy
¢y > 2 + 5
This contradiction in turn implies
4 2C, 4 2Cy
< (= 4 =0 B < (= + 2% 9/ 1.
k+2Cy < (52+ 5 )((m,y> B) < (52+ 3 )2 t
This yields with g = §v/—t'/2 that
64
k< ——+C
supk < ———+ G

With the bound on £ from below this implies that

|]{;|§L

=t
which is a scaling invariant estimate. Thus by theorem 1.1.4 we have that the
rescaled flows 77 converge in C* to the shrinking circle on (-2, —1). This again

implies that the convergence in (2.6) is in C'*°.

Remark 2.2.2: One can show that the convergence in (2.6) is exponential. That
is if one considers a new time variable 7 = — log(—t) then the convergence in (2.6)

is actually exponential in every C*-norm.



3 Evolution of closed, convex

hypersurfaces

In this section we will study the evolution of closed, convex hypersurfaces in
Euclidean space. We will present a proof Huisken’s result below, where we do not
follow the original proof, but again make use of the monotonicity formula and
and estimate on the inner and outer radius of pinched, convex hypersurfaces by
B. Andrews [2].

Theorem 3.0.3 (Huisken [15]). Any closed, convex hypersurface becomes im-
mediately strictly convex under MCF and converges in finite time to a 'round’

point.

The proof we present here is considerably shorter than Huisken’s original proof.
The idea of the proof is similar to the work of B. Andrews [2] but we shorten
the proof further by using Huisken’s classification of mean convex self-similar

solutions.

We have seen in the introduction that Hamilton’s maximum principle implies
that closed, convex hypersurfaces stay convex and become immediately strictly
convex. Enclosing the initial hypersurface by a big sphere and applying the
avoidance principle we see that any such solution can only exist on a finite time
interval. Let F': M™ x [0,T) — R™! be such a maximal solution for n > 2.

21



22 CHAPTER 3. EVOLUTION OF CLOSED, CONVEX HYPERSURFACES

3.1 Pinching of the principal curvatures

We can assume w.l.o.g. that M, is strictly convex. Since M, is compact there

exists an € > 0 such that
m’j ::h’j—stzj >0.

Lemma 3.1.1. [f initially hij — 6H(5ij > 0, then this is preserved under the flow.

Proof. Using the evolution equation for hij and H we see that

Thus by the maximum principle mij > 0 is preserved. O

This implies that at every point p € M it holds

)\min(pa t) 2 EH(pv t) 2 sAmax(}% t) 3

i.e. the principal curvatures are pinched. We define the inner radius p_ and the

outer radius py by

p4(t) = inf{r : B.(y) encloses M, for some y € R"™}
p_(t) = sup{r : B,(y) is enclosed by M, for some y € R"*'}.

A Lemma by B. Andrews relates the pinching of the principal curvatures to a

pinching of the inner and outer radius.

Lemma 3.1.2 (Andrews, [2], lemma 5.1). Let X" C R™™! be a closed, convex
hypersurface such that there exists 0 < e <1 such that at every point p € 3

)\mm(p) Z 5/\maw(p) .
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Then there ezits a Cy = Ci(e,n) > 0 such that

py < Cip_ .

3.2 Convergence to a 'round’ point

We will first show that the solution exists as long as it bounds a ball of radius

§ > 0. Note that since all the surfaces are convex we have |A|> < H?.

Proposition 3.2.1. Assume that M, encloses Bs(0) fort € [0,t']. Then

8n 2sup,, H}

H(t) < 20, (t) max{ﬁ, ;

Proof. Since all M, enclose Bs(0) for t € [0,¢'] and are convex, we have
(x,v)y >4 .

The evolution equation of (x,v) is given by

d
E(x, v) = A, v) + |A|*(z,v) — 2H .

Let = §/2, then we have (x,v) — 8 > 3. As before we define the function

H
v =
<£L‘, V> _/8
which satisfies, using that |[A]* > + H?
dv 2 |A|?
R A - 2 2 _ L 2
o v+ <x,y>_B<V(x,y>,Vv>+ v:—f 7Y
2 B
<A —_— 2 — ZH)v?
< Av+ X _6<V(x,l/>,Vv>+( - v

Let us assume that v attains a new maximum which is greater than C at a point
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(p,t). Then we have at this point H > SC and we get a contradiction if

2n
C > @ .
Thus we obtain
2n sup,, H 2n supy, H
< — ——0 — < Z— Mot ”
H< max{ﬁz, 3 }((m,u> ﬂ) < 2p+(t)max{52, 3 }

By the previous proposition, together with lemma 3.1.2, we see that the solution
exists until p_ — 0. Furthermore the solution contracts for ¢ — T to a point
Zo-.

Lemma 3.2.2 (Andrews, [2]). We have with Cy as in lemma 3.1.2:

Cyi/2n(T —t) < p_(t).

Proof. Let y be such that S, ) (y) encloses M;. By the avoidance principle
My remains enclosed by S,y (y) for all ¢ in the range (#,T), where p(t') =

VPL(t) = 2n(t’ — t). Thus

PLt) < pL(t) = 2n(t' — 1) .
Since the solution exists until ' = T we have

pr(t) >2n(T —t) = p>(t) > Cy*2n(T —t) .

Applying this to proposition before, with 8 = p_(t')/2, we see that we have

AI¢) < HE) < = .

Again, this is a scaling invariant estimate. Thus the rescalings as in (1.1) converge

smoothly on any compact sub-interval of (—o0, 0) to a convex, selfsimilar solution.
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Note that the limiting solution still satisfies p; < C}p_ and thus it can only be the
shrinking sphere by Huisken’s classification. Since this is true for any sequence of

rescalings, we obtain that

1
T—t

in C°.
Remark 3.2.3: As before for curves one can also show that the convergence is

exponential.
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