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Strategic Behavior

How can we model distribution shift?
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Algorithm for score, as a function of questions, made available July 1997

[1] Adriana CamacHO and Emily CONOVER. Manipulation of Social Program Eligibility. American Economic Journal: Economic Policy, 2011.
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Can we model as a gradient flow? Issue: multiple species.

[1] Adriana CAMACHO and Emily CONOVER. Manipulation of Social Program Eligibility. American Economic Journal: Economic Policy, 2011.
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Banking and Loan Applicants

m population p; puts forward valid new account requests; population ps submits fraudulent request.
m (p1, p1) are distributions over income, customer age, number of months at a current residence, etc.
m Two banks (z1,z2) apply classifiers to separate the fraudulent and valid applicants.

m Applicants choose to affiliate with one of the two banks.

m Bank classifiers and applicants manipulate data over time.

T=0 T=6 T=12 T =20

Under what conditions

valid — ____ ] is the system stable?

population p,
How does each bank

fraudulent 0 perform?

How many fraudulent
accounts are opened?

Need multispecies PDE analysis tools!

[2] Eliot SHEKHTMAN and Sarah DEAN. Strategic Usage in a Multi-Learner Setting. en. In Proceedings of The 27th International Conference on
Artificial Intelligence and Statistics. PMLR, 2024.



Overview

Goal: characterize long-time behavior for mul-
tispecies systems,

e.g. strategic agents interacting with learning
algorithm, biological systems.

Idea: in game theory and optimization, mono-
tonicity extends convexity/dissipativity to a set
of operators.

Issue: joint systems are not gradient flows;
convexity arguments not applicable.

Three contributions:

3. Insights for applications.

1. Defining monotonicity for mass-preserving flow equations.

2. Showing new asymptotic results for multispecies systems.




We analyze dynamics

general mass-preserving flow: Ocpi + div (pivi[p]) =0 Vie[l,...,n], (1)
gradient flow (special case): Owpi = =V, p, Filp] = dive, (piVa,0,, Filp]) Viell,...,n]. (2



We analyze dynamics

general mass-preserving flow: Ocpi + div (pivi[p]) =0 Vie[l,...,n], (1)
gradient flow (special case): Owpi = =V, p, Filp] = dive, (piVa,0,, Filp]) Viell,...,n]. (2
Notation:
v1[p](z1) o Va,0p, Fi[p](z)
@)= |, o= ||, VEFRE@) = ;
on[p)(xn) pn Ve, 8o, Fulpl(2)

m Product space: P> = P2(R™) x - x Pa(R%")
W(p,pn)? =31, #a(pi, pi)* where #4 is Wasserstein-2 metric

= Admissible couplings: T'(p(®, p) := Ty (p{”, p{") x -+ x T (p, piM)

Optimal couplings: I'} = {’Yz‘ : 7y; € argmin PR OGN SNz — y,-||2d’yi(a:i,yi)}



Example: Energies with Nonlinear Diffusion

Consider the coupled gradient flow system

Oop1r = =V p Filp) Otp2 = =V pa F2[p]

with energies
Filp / fi(z1, z2)dpi(z1)dp2(z2 +041/Um1 p1)dz + = /W1 x1, Z1)dp1(x1)dp1(21) ,

Elp / fa(z1, z2)dp1(z1)dp2(z2 +a2/Um2 p2)dzs + = /W2 To, T2)dpa(x2)dpa(Z2) .
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What conditions on F; and F} result in contraction in W?




Example: Energies with Nonlinear Diffusion

Consider the coupled gradient flow system

Oop1r = =V p Filp) Otp2 = =V pa F2[p]

with energies

Filp] =//f1($17332)d01(w1)dp2($2)+a1/Uml(m)dxl +;/Wl(xlafcl)dpl(xl)dm(@l)7

Fyp] ://f2(fU1,iB2)dP1($1)dP2(fL‘2)+042/Um2(ﬁ’2)d$2+;/Wz(ﬂb‘%i“z)dpz(ffz)dm(iz)-

What conditions on F; and F} result in contraction in W?

General setting: n-species system, not a gradient flow.




Why monotonicity?

m Optimization: Monotonicity is a condition for existence of Nash equilibrium for
multi-energy optimization problem:

N . N p—i denotes
pi = argmin p,ep, Filpr, 24 (ps); for j # i

solve system for p*

,0:; = argmin pn€p2Fn[,0m ,Oin]



Why monotonicity?

m Optimization: Monotonicity is a condition for existence of Nash equilibrium for
multi-energy optimization problem:

. . . p—i denotes
= argmin e Pl

solve system for p*

p;'fb = argmin pn€p2Fn[,0m :O*—n]

m Dynamical System: Monotonicity is a generalization of convexity (dissipativity) for
multi-energy systems, resulting in
m contraction in joint metric;
m energies do not necessarily decay.



Monotonicity

Definition (Finite-Dimensional Monotonicity)

Let u; € C*(R%;R%), d = Z;;l di, A € R. Then (u;); is A-monotone if it satisfies
Z<ul —ui(z'), i — z) > Mz —2'||* Va2 eR?.

1=1
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Definition (Monotonicity )
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=1

for all v € T*(p@, p1)), then the velocity fields {v; : A — R%}7_; are \-monotone in A.
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Monotonicity

Definition (Finite-Dimensional Monotonicity)

Let u; € C*(R%;R%), d = Z?_l di, A € R. Then (u;); is \-monotone if it satisfies
Z<ul — us(x ,:vi—x§>2)\\|m—x/||2 Va2’ € R%.

Definition (Monotonicity )

If for any p(o),p(l) € A C P2 with A geodesically convex, A € R,
=3 [ (1) — o)), 2~ i) drlen) 2 A [l -yl ) = XTE 607, @)
=1

for all v € T*(p@, pV)), then the velocity fields {v; : A — R%}"_; are \-monotone in A.

Corollary

The energy functionals {F; : A — R};_, are \-monotone in A if v;[p] = —V,0,, Fi[p] are \-monotone:

Z/<Vm5mFi[P(O)]($i) — Va, 85, Filp(yi), zi — yi> dyi(zi, y:) > AW (p'?, pM)2.
i=1
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Related Literature: Game Theory

B monotonicity emerges in diagonally strictly concave games inll

m results for measure-valued functionals new in game theory literature; previous results for Hilbert spaces!”
m learning algorithms which minimize functions under the assumption of monotone cost structurest®!

m generalizes results infel7] beyond min-max setting.

m key examples of monotone games include bounded perturbations; we extend!® to measures.

3]
[4]

[5

6]
7
8]

J. B. ROsEN. Existence and Uniqueness of Equilibrium Points for Concave N-Person Games. Econometrica, 1965.

Haim BrEezis. The Hille-Yosida Theorem. en. In Haim Brezis, editor, Functional Analysis, Sobolev Spaces and Partial Differential Equations.
Springer, New York, NY, 2011.

Tatiana TATARENKO and Maryam KAMGARPOUR. Learning Nash Equilibria in Monotone Games. In 2019 |IEEE 58th Conference on Decision and
Control (CDC), 2019. ISSN: 2576-2370.

Lauren CoNGER, F H, Eric MAZUMDAR, and Lillian RATLIFF. Strategic distribution shift of interacting agents via coupled gradient flows. In
Advances in Neural Information Processing Systems (NeurlPS). Curran Associates, Inc., 2023.

Lauren CONGER, Franca HOFFMANN, Eric MAZUMDAR, and Lillian J. RATLIFF. Coupled Wasserstein Gradient Flows for Min-Max and Cooperative
Games. 2024. arXiv:2411.07403 [math].

Alexander DAVYDOV, Saber JAFARPOUR, and Francesco BULLO. Non-euclidean contraction theory for robust nonlinear stability. /EEE Transactions
on Automatic Control, 2022.
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Related Literature: PDE Analysis

m joint system is not necessarily a gradient flow!”!

B monotonicity is a joint notion of displacement convexity, where a system is driven by multiple
energies.[w“n]

m characterization of the equilibria of a two-species gradient flow system with nonlocal interaction(*?

existence of solutions for multispecies systems with nonlocal interaction®® or cross-diffusion!**l

m vector-valued optimal transport[15]

[9] Qiang Du, Kaizheng WaNG, Edith Znanc, and Chenyang ZHONG. A Particle Algorithm for Mean-Field Variational Inference. 2024
arXiv:2412.20385.

[10] Giulia CAVAGNARI, Giuseppe SAVARE, and Giacomo Enrico SODINIL Dissipative probability vector fields and generation of evolution semigroups in
wasserstein spaces. Probability Theory and Related Fields, 1, 2023.

[11] Giulia CAvAGNARI, Giuseppe SAVARE, and Giacomo Enrico SODINI. A Lagrangian approach to totally dissipative evolutions in Wasserstein spaces.
2023. arXiv:2305.05211.

[12] José Antonio CARRILLO, Marco Di FRANCESCO, Antonio EsPosiTO, Simone FAGIOLI, and Markus SCHMIDTCHEN. Measure solutions to a system
of continuity equations driven by Newtonian nonlocal interactions. en. Discrete and Continuous Dynamical Systems, 2020

[13] Marco D1 FRANCESCO and Simone FAGIOLL. A nonlocal swarm model for predator-prey interactions. en. Mathematical Models and Methods in
Applied Sciences, 2016.

[14] Alpar R. MEszArROs and Guy PARKER. On a cross-diffusion system with independent drifts and no self-diffusion: the existence of totally mixed
solutions. 2025.

[15] Katy CralG, Nicolds Garcia TRILLOS, and Dorde NIKOLIC. Vector valued optimal transport: from dynamic to static formulations. 2025
arXiv:2505.03670.
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Admissible vs Optimal Plans

Theorem (Admissible Couplings)

If for any p@, p € Py and v < 17 (p', p'V)) it holds
—Z/ ot = iy il Na1) — wlp V1)) 0 (o) 2 A [ o = 910 (10),

then for any v < I'(p'”, p'")),
n

- Z/<fcz — yi, vilpV)(zs) — vi[l)(l)](yi)> dvi(wi,yi) > )\/Hx —ylPdy(z,y).

[16] Giulia CAVAGNARI, Giuseppe SAVARE, and Giacomo Enrico SoDINI. Dissipative probability vector fields and generation of evolution semigroups in
wasserstein spaces. Probability Theory and Related Fields, 1, 2023.



Admissible vs Optimal Plans

Theorem (Admissible Couplings)

If for any p@, p € Py and v < 17 (p', p'V)) it holds
—Z/ ot = iy il Na1) — wlp V1)) 0 (o) 2 A [ o = 910 (10),

then for any v < I'(p'”, p'")),

—i / (i = g, wilp (@) — vilo®)(ws) ) A s, 1) > A / 2 — gl (2, 7) -

Proof follows from!*®. Monotonicity inequality with admissible plans (not necessarily optimal) does not hold for
general A C P,! For example, fails for v[p] = —Vlogp, A= L' C Ps.

[16] Giulia CAVAGNARI, Giuseppe SAVARE, and Giacomo Enrico SoDINI. Dissipative probability vector fields and generation of evolution semigroups in
wasserstein spaces. Probability Theory and Related Fields, 1, 2023.



Admissible vs Optimal Plans

Theorem (Admissible Couplings)

If for any p@, p € Py and v < 17 (p', p'V)) it holds
—Z/ ot = iy il Na1) — wlp V1)) 0 (o) 2 A [ o = 910 (10),

then for any v < I'(p'”, p'")),

—i / (i = g, wilp (@) — vilo®)(ws) ) A s, 1) > A / 2 — gl (2, 7) -

Proof follows from!*®. Monotonicity inequality with admissible plans (not necessarily optimal) does not hold for
general A C P! For example, fails for v[p] = —Vlogp, A = L* C P2. Need Diracs in A for theorem to hold.

[16] Giulia CAVAGNARI, Giuseppe SAVARE, and Giacomo Enrico SoDINI. Dissipative probability vector fields and generation of evolution semigroups in
wasserstein spaces. Probability Theory and Related Fields, 1, 2023.



Assumptions for main results

Orpi + div (psuslp]) =0, t€[l,...,n] (1)

Assume

m Absolutely continuous curves: The solution p(t) is absolutely continuous.

m Monotonicity: The velocity field v is A-monotone in some set A C P> with A > 0.
m No escape: The solution satisfies p(t) € A C P> for all ¢ > 0.

= Lower semicontinuity: For any fixed p € A, the functional F;[-, p—;] is l.s.c wrt the weak topology over
the domain A;.



Long-Time Behavior

8tp’i+div (piUi[p]) =0, (&S [17“'7”] (1)

Theorem (Main Result)

Under these assumptions,

(a) there exists a unique steady state p> of (1) and if A is compact in W, then p> € A;
(b) if p>= € A, then - -
W (p(t), p) < e MW (p(0), p™).

(c) Ifv; = =Va4,0,,Filp], Fi Isc, and p>° € A, then p™ is the unique Nash equilibrium of F in A.
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Monotonicity with A > 0 implies existence of a
unique steady state and exponential convergence to it.




Long-Time Behavior

8tp’i+div (p’ivi[p]) =0, (&S [17“'7”] (1)

Theorem (Main Result)

Under these assumptions,

(a) there exists a unique steady state p> of (1) and if A is compact in W, then p> € A;
(b) if p>= € A, then - o
W (p(t), p>) < e W (p(0), ™).

(c) Ifv; = =Va4,0,,Filp], Fi Isc, and p>° € A, then p™ is the unique Nash equilibrium of F in A.

Monotonicity with A > 0 implies existence of a
unique steady state and exponential convergence to it.

= Other results: uniform bounds on second moments, exponential convergence of 3.7 | [|lvi[p](z:)||>dpi(z:),

second order monotonicity conditions.



Properties in Gradient Flow Setting

(C1) A-monotonicity implies A\-convexity: if F' is A-monotone in A, then each F;[-, p_;] is A-displacement
convex in A; for all p_; € A_;.

[17] Alexander DAvYDOV, Saber JAFARPOUR, and Francesco BULLO. Non-euclidean contraction theory for robust nonlinear stability. /EEE Transactions
on Automatic Control, 2022.
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Properties in Gradient Flow Setting

(C1) A-monotonicity implies A\-convexity: if F' is A-monotone in A, then each F;[-, p_;] is A-displacement
convex in A; for all p_; € A_;. Converse false in general. Equivalent if F;[p;, p—:] = Fi[pi].

(C2) Additivity of monotonicity: if F'is A-monotone in A and E is A-monotone in 3, then F' + E is
A-monotone in AN B.

(C3) Monotonicity of cross-interaction kernels: Wi; = [ Wij(xs, x;)dpi(x:)dp; (x5), Fi = 35, Wij- Let ayy
be the Lipschitz coefficient of Vo, Wi;(zi,-) and 32, ., V3, Wij(xi,z;) = ciIdg,. Define

C1 -2 ... —Qin
—Q2] Cc2 —Q2n
A=
—Qnl —Qn?2 N Cn

Then F is A\-monotone in A, where (A +AT) = A1dg.

[17] Alexander DAvYDOV, Saber JAFARPOUR, and Francesco BULLO. Non-euclidean contraction theory for robust nonlinear stability. /EEE Transactions
on Automatic Control, 2022.
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Properties in Gradient Flow Setting

(C1) A-monotonicity implies A\-convexity: if F' is A-monotone in A, then each F;[-, p_;] is A-displacement
convex in A; for all p_; € A_;. Converse false in general. Equivalent if F;[p;, p—:] = Fi[pi].

(C2) Additivity of monotonicity: if F'is A-monotone in A and E is A-monotone in 3, then F' + E is
A-monotone in AN B.

(C3) Monotonicity of cross-interaction kernels: Wi; = [ Wi (@i, z;)dpi(z:)dp;(z;), Fi = 2 Wij. Let ay;
be the Lipschitz coefficient of Vo, Wi;(zi,-) and 32, ., V3, Wij(xi,z;) = ciIdg,. Define

C1 -2 ... —Qin
—Q2] Cc2 —Q2n
A=
—Qnl —Qn?2 N Cn

Then F is A-monotone in A, where 2(A +AT) = A1dg.

2

If W;; are convex enough in 4, and effect of other species is bounded, = monotonicity.[17]

[17] Alexander DAvYDOV, Saber JAFARPOUR, and Francesco BULLO. Non-euclidean contraction theory for robust nonlinear stability. /EEE Transactions
on Automatic Control, 2022.
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Example: Monotone Energy with Nonlinear Diffusion

Consider the coupled gradient flow system parameterized by F,

Otp1 = =V oy F1 [p} ) Op2 = _V“/f/z,PzF?[p] )
Filp] :/ fi(whm)dpl(wl)dpz(mz)+ai/Umi(pz‘)dIi-

For n € P(R¥), the nonlinear diffusion terms are given by

nlogn form=1,n< LF,

Un(n) = 72—: form>1,n<LF,
+00 otherwise .
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For n € P(R¥), the nonlinear diffusion terms are given by

nlogn form=1,n< LF,

Un(n) = 72—: form>1,n<LF,
+00 otherwise .

m Use finite-infinite dimensional monotonicity equivalence to show that if [f1, f2] is A-monotone, then
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Example: Monotone Energy with Nonlinear Diffusion

Consider the coupled gradient flow system parameterized by F,

Otp1 = =V oy F1 [p} ) Op2 = _V“/f/z,PzF?[p] )
Filp] :/ fi(whm)dpl(wl)dpz(mz)+ai/Umi(pz‘)dIi-

For n € P(R¥), the nonlinear diffusion terms are given by

nlogn form=1,n< LF,

Un(n) = 72—: form>1,n<LF,
+00 otherwise .

m Use finite-infinite dimensional monotonicity equivalence to show that if [f1, f2] is A-monotone, then
{/ fi (xl,wz)dm(m)dm(m),/ fa(z1, 22)dp1(z1)dp2(x2)

is A-monotone in Ps.
m Use that [ U, (pi)da; is O-convex in L' + (C1,C2) (convexity, addivity) to conclude that F = [Fy, F3] is
A-monotone in A =P, N L.

17 / 34



Example: Monotone Energy with Nonlinear Diffusion

Consider the coupled gradient flow system parameterized by F,

Opr = =V p I [p} ) Orp2 = —sz,sz[p] ,

Filp] :/ fi(ﬂfhw?)dpl(ml)dm(m)+ai/Umi(Pz‘)dIi-

The nonlinear diffusion terms are given by

nlogn form=1,n < L",

Un(n) = 72_1 form>1,n< L,
400 otherwise .

()

m Assuming solution p(t) is absolutely continuous and p(t) € A, obtain uniform bound on second moments.

18 /
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Consider the coupled gradient flow system parameterized by F,

6tpl = _v“fﬁz,pl F [p} ) 8tp2 = _VW2792F2[p] )
Filp] :/ fi(9317$2)dpl($1)d,02($2)+ai/Umi(Pz‘)dIi-
The nonlinear diffusion terms are given by

nlogn form=1,n < L",

Un(n) = 72_1 form>1,n< L, (7)
400 otherwise .

m Assuming solution p(t) is absolutely continuous and p(t) € A, obtain uniform bound on second moments.
m Apply main theorem for existence of and convergence to p™°

W(p(t), p™) < e MW (p(0), p) -
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Example: Monotone Energy with Nonlinear Diffusion

Consider the coupled gradient flow system parameterized by F,

6tpl = _V“/Vz,pl F [p} ) 8tp2 = _VW2792F2[p] )
Filp] :/ fi(9317$2)dpl($1)d,02($2)+ai/Umi(Pz‘)dIi-
The nonlinear diffusion terms are given by

nlogn form=1,n < L",

Un(n) = 72—1 form>1,n< Lk, (7)
400 otherwise .

m Assuming solution p(t) is absolutely continuous and p(t) € A, obtain uniform bound on second moments.
m Apply main theorem for existence of and convergence to p™°

W(p(t), p™) < e MW (p(0), p) -

m Show lower semincontinuity holds due to monotonicity properties of [f1, f2] € C? x C?, then obtain p™ is
Nash equilibrium of F = [Fi, F3].

18 / 34



Application 1: Four-player bank game model

population p; puts forward valid new account requests; population p2 submits fraudulent request.

(p1, p1) are distributions over income, customer age, number of months at a current residence, etc.

m Two banks (x1,x2) apply classifiers to separate the fraudulent and valid applicants.
m Applicants choose to affiliate with one of the two banks.

m Bank classifiers and applicants manipulate data over time.

Under what conditions

valid — ____4 is the system stable?

population p,

How does each bank

fraudulent perform?

o

How many fraudulent

= accounts are opened?

= Bank account fraud problem investigated in[*®l.

[18] Eliot SHEKHTMAN and Sarah DEAN. Strategic Usage in a Multi-Learner Setting. en. In Proceedings of The 27th International Conference on
Artificial Intelligence and Statistics. PMLR, 2024.
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Application 1: Four-player bank game model

Bipi = —VWQ,piFi[p, h]v %hﬂ = —thF2+j [P; h’] where

applicants:  Fi[p, h] = Z/a”u” Xy hy)dpi (z; +Z/pZ ik * pe + @ K L(pi|pi)

banks:  Fass0p, h] Z / aislis (i, ha)dpi(:) + By 1|2
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Application 1: Four-player bank game model

8ﬁpi = 7VW2»PiFi[p7 h]v %hj = 7vth2+j [P; h’] where

applicants:  Fi[p, h] = Z/a”u” Xy hy)dpi (z; +Z/pZ ik * pe + @ K L(pi|pi)

banks:  Fass0p, h] Z / aislis (i, ha)dpi(:) + By 1|2

m a;; € [0,1] is proportion of population ¢ which purchases from service provider j

20 / 34



Application 1: Four-player bank game model

8ﬁpi = 7VW2»PiFi[p7 h]v %hj = 7vth2+j [P; h’] where

applicants:  Fi[p, h] = Z/a”u” Xy hy)dpi (z; +Z/pZ ik * pe + @ K L(pi|pi)

banks:  Fass0p, h] Z / aislis (i, ha)dpi(:) + By 1|2

m a;; € [0,1] is proportion of population ¢ which purchases from service provider j

m applicant utility for population ¢ with bank j is u;; : R x R — R

20 / 34



Application 1: Four-player bank game model

8ﬁpi = 7VW2»PiFi[p7 h]v %hj = 7vth2+j [P; h’] where
applicants:  Fi[p, h] = Z/a”u” Xy hy)dpi (z; +Z/pZ ik * pe + @ K L(pi|pi)

banks:  Fass0p, h] Z / aislis (i, ha)dpi(:) + By 1|2

m a;; € [0,1] is proportion of population ¢ which purchases from service provider j
m applicant utility for population ¢ with bank j is u;; : R x R — R

m bank j classifier loss for interacting with population i is I;; : R% x R% — R

20 / 34



Application 1: Four-player bank game model

8ﬁpi = 7VW2»PiFi[p7 h]v %hj = 7vth2+j [P; h’] where
applicants:  Fi[p, h] = Z/a”u” Xy hy)dpi (z; +Z/pZ ik * pe + @ K L(pi|pi)

banks:  Fass0p, h] Z / aislis (i, ha)dpi(:) + By 1|2

ai; € [0,1] is proportion of population ¢ which purchases from service provider j
m applicant utility for population ¢ with bank j is u;; : R x R — R
m bank j classifier loss for interacting with population i is I;; : R% x R% — R

m log concave reference measures j;, penalty terms a;KLp;p; and ;| h;]|?

20 / 34



Application 1: Four-player bank game model

8ﬁpi = 7VW2»PiFi[p7 h]v %hj = 7vth2+j [P; h’] where
applicants:  Fi[p, h] = Z/a”u” Xy hy)dpi (z; +Z/pZ ik * pe + @ K L(pi|pi)

banks:  Fass0p, h] Z / aislis (i, ha)dpi(:) + By 1|2

ai; € [0,1] is proportion of population ¢ which purchases from service provider j
m applicant utility for population ¢ with bank j is u;; : R x R — R
m bank j classifier loss for interacting with population i is I;; : R% x R% — R

m log concave reference measures j;, penalty terms a;KLp;p; and ;| h;]|?

applicants choose the bank with more desirable classification

€Xp nfum 3, hy;(t))dpi(t, 1)) )
Sty expln [ wa(xs, ha(t))dpi(t, ;)]

aij(t) =

20 / 34



Application 1: Four-player bank game simulation
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Application 1: Four-player bank game simulation
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Application 1: Four-player bank game simulation
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Nonlocal interaction hurts bank 2; more fraudulent customers.
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Application 2: Optimal Transport!!®!

The Kantorovich formulation of the optimal transport problem, with cost ¢ : R% x R% — R,

inf // c(z,y)dp(z,y) . (om)

pEL (p,v)

[19] Lauren CONGER, Franca HOFFMANN, Ricardo BAPTISTA, and Eric MAzZUMDAR. Computing Optimal Transport Plans via Min-Max Gradient Flows.
In 2025 IEEE 64th Conference on Decision and Control (CDC), 2025.
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Application 2: Optimal Transport

The Kantorovich formulation of the optimal transport problem, with cost ¢ : R% x R% — R,

inf // c(z,y)dp(z,y) . (om)

pEL (p,v)

Equivalent to solving (monotone)

sup inf E(p, A;p,v), (29)
AER PEP2

where E is the energy functional

E(p,A;p,v) = // c(x,y)dp(z,y) + AKLp1ps + AKLpav,

with marginals p1 := [ p(z,y)dy and p2 := [ p(z,y)dz of p and KL-- is the KL divergence.

[19] Lauren CONGER, Franca HOFFMANN, Ricardo BAPTISTA, and Eric MAzZUMDAR. Computing Optimal Transport Plans via Min-Max Gradient Flows.
In 2025 IEEE 64th Conference on Decision and Control (CDC), 2025.
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Application 2: Optimal Transport

To approximate (OT) numerically, we will solve (ZS) using a min-max gradient flow with respect to the metric
Wa,

0p(t) = =5V o Blp(0) AWiuv)  (minirize 1),
%A(t) — OnE(p(t), A(t); 1, v) (maximize E) .
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To approximate (OT) numerically, we will solve (ZS) using a min-max gradient flow with respect to the metric
Wa,

0p(t) = =5V o Blp(0) AWiuv)  (minirize 1),
%A(t) — OnE(p(t), A(t); 1, v) (maximize E) .

Since E is not strongly convex in A, we analyze 5 — oo (rate will depend on convexity with respect to p):

CA) = OB IA] A )

b[A] :== argmin E(p, A; p1, V) .
pPEP2

25 /34



Application 2: Optimal Transport

d

M0 = OAEGA] Aspv)

b[A] :== argmin E(p, A; i, V) .
pEP2

Theorem (Regularization growth condition)

Under appropriate assumptions, the regularization parameter A satisfies

A(t) < V/2(c*t+co) VE>0,

where ¢* < oo is the optimal value of (OT) and co > 0 is a constant dependent on A(0) > 0.
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b[A] :== argmin E(p, A; i, V) .
pEP2

Theorem (Regularization growth condition)

Under appropriate assumptions, the regularization parameter A satisfies

A(t) < V/2(c*t+co) VE>0,

where ¢* < oo is the optimal value of (OT) and co > 0 is a constant dependent on A(0) > 0.

For gradient descent approaches to OT, algorithms with A — oo
should not update A faster than O(v/%).
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Application 2: Optimal Transport

Particle method for solving min-max dynamics proposed inf20] adapted fromPY. Let (X;,Y5) ~ p; divide the
points (X;,Y;)7Y; into two sets and initialize:

X0 ~p, YO =XxP0) +&,  &~NOm),  nsmall
Y20 ~v,  xP0) =720 +&

[20] Lauren CONGER, Franca HOFFMANN, Ricardo BAPTISTA, and Eric MAzZUMDAR. Computing Optimal Transport Plans via Min-Max Gradient Flows.
In 2025 IEEE 64th Conference on Decision and Control (CDC), 2025.

[21] Shu Liu, Haodong SUN, and Hongyuan Zua. Approximating the Optimal Transport Plan via Particle-Evolving Method. 2021. arXiv:2105.06088.
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Application 2: Optimal Transport

Particle method for solving min-max dynamics proposed inf20] adapted fromPY. Let (X;,Y5) ~ p; divide the
points (X;,Y;)7Y; into two sets and initialize:

XPO) ~p, YOO =XP O 46, &~NOm), o small

Y20 ~v, X200 =Y +&

Cost starts near zero since X; =~ Y;, but marginal constraints not satisfied. Flow half of the particles to satisfy
constraints, increase constraint penalty A

(1)
KW =0, ¥ =~ 5O O0) + SAwT, log P
1

Y@ =0, XP)=-

k3

1 pr(t, X (1))
Ve X2 (1), Y?) + AV, log PRt
B B w(X;

A(t) = KLp1(t)p + KLp2 (t)v .

[20] Lauren CONGER, Franca HOFFMANN, Ricardo BAPTISTA, and Eric MAzZUMDAR. Computing Optimal Transport Plans via Min-Max Gradient Flows.
In 2025 IEEE 64th Conference on Decision and Control (CDC), 2025.

[21] Shu Liu, Haodong SUN, and Hongyuan Zua. Approximating the Optimal Transport Plan via Particle-Evolving Method. 2021. arXiv:2105.06088.
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Application 2: Optimal Transport

o marginal

v marginal

A
-1
o ]
2 —— numerical solution
E— ----- exact solution
8 10721 : : : : : : : -
0 250 500 750 1000 1250 1500 1750 2000
iteration
55 -
- 10.02 3
|
s
50 d . - . - - = - — +0.00
0 250 500 750 1000 1250 1500 1750 2000
Iteration

Coupling cost increases as constraint penalty decreases; A increases.
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Relation to team mean field games

For a single species, e.g. model for crowd density with intruder passing through, parameterized by F': P — R:

wed (] S vteaPante.n) + = Fip) Ya + Flptryie

b
v,p

such that d:p(t) + V - (v(t)p(t)) =0

The optimal (p,v) are perturbation of a gradient flow?

Qup = div (pV26, Flp]) + ediv (pvz(atU - %\VUF))
—e0U + U + %muﬁ =5,F[p].
In the team setting (multispecies), each team is optimizing cost parameterized by F; : P> — R:
dipi = diva, (piVa,0,, Fi[p]) + ediva, (pivxi (0:U; — %\VU,-F))

—edU; + Ui + %|Vini|2 =6, Fp.

[22] Benjamin J. Znanc and Markos A. KATSOULAKIS. A mean-field games laboratory for generative modeling. 2023. arXiv:2304.13534 [cs, stat].
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Degenerately monotone game

For H(pi) = [log pi(z:)dpi(z:), and a,b,c > 0, let

Flonpa) =5 [loaldon(en) = § [laal*dpatan) + 3 [[ 2l ador@)dpataz) + c(hion) = ()

and consider dynamics

9ep1 = =V, Fp1, p2] Otp2 = Vo oo Flp1, p2] .

[23] José A. CARRILLO, Robert J. MCCANN, and Cédric VILLANI. Kinetic equilibration rates for granular media and related equations: entropy dissipation
and mass transportation estimates. Revista Matematica |beroamericana, 2003.
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For H(pi) = [log pi(z:)dpi(z:), and a,b,c > 0, let

b
Flonpa) =5 [loaldon(en) = § [laal*dpatan) + 3 [[ 2l ador@)dpataz) + c(hion) = ()

and consider dynamics

9ep1 = =V, Fp1, p2] Otp2 = Vo oo Flp1, p2] .

5 t=0.0 t=0.6 t=1.1 t=17 t=2.3 t=2.8 t=4.0
< 8| ® ® L] . ' . *Explains why adding diffusion to
- a nearly-monotone game results in

s . .

exponential convergence.

N -e

° " s an

_5-5 o 5=5 0 -5 0 =5 0 =5 0 5 =5 0 5 =5 0 =5 0

*Rule #5 in?.

[23] José A. CARRILLO, Robert J. MCCANN, and Cédric VILLANI. Kinetic equilibration rates for granular media and related equations: entropy dissipation
and mass transportation estimates. Revista Matematica |beroamericana, 2003.
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Takeaways & Current Work

1. Defined monotonicity for mass-preserving flow dynamics. v
2. Properties of monotonicity and relation to convexity.
3. Showed new asymptotic results for multispecies systems: contraction in W etc. v

Ongoing work:

m existence of solutions for multispecies gradient flow dynamics
m allowing mass to switch between species; applications in economic markets

m algorithms for solving vector-valued optimal transport
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Proof of main theorem

(a) Time derivative of the joint Wasserstein-2 metric between solutions p and 7 to (1) is
d—
EW(p(t),n(t))z = 2/<fc =y, v[n(®)](x) — v[p®)](y)) dy(t,2,y) ,
vial? where ~;(t) € T*(pi(t), m:(t)). Apply monotonicity inequality, for contraction in W. Apply™! to obtain

the existence of a unique stationary point p™ € Ps.

(b) Compute time derivative of W (p(t), p™) to obtain convergence to steady state.

[24] Giulia CavAGNARI, Giuseppe SAVARE, and Giacomo Enrico SODINI. A Lagrangian approach to totally dissipative evolutions in Wasserstein spaces.
2023. arXiv:2305.05211, Theorem 3.14.

[25] José A. CARRILLO and Guiseppe T0sCANI. Contractive Probability Metrics and Asymptotic Behavior of Dissipative Kinetic Equations. Rivista di
Matematica della Universita di Parma, 2007, Lemma 7.3.
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(c) Use assumptions to show that p°° is a Nash equilibrium,
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Proof of main theorem

(a) Time derivative of the joint Wasserstein-2 metric between solutions p and 7 to (1) is
d—
aVV(p(t),n(t))2 = 2/(?«‘ =y, v[n(®)](x) — v[p®)](y)) dy(t,2,y) ,
vial? where ~;(t) € T*(pi(t), m:(t)). Apply monotonicity inequality, for contraction in W. Apply™! to obtain
the existence of a unique stationary point p™ € Ps.
(b) Compute time derivative of W (p(t), p™) to obtain convergence to steady state.

(c) Use assumptions to show that p°° is a Nash equilibrium,

Filp=, p%i) < Filpi, p=5] Vpi€ A, Viell,...,n].

(*) Uniform bounds on second moment, Lemma 3.6. Discussion for general metric spaces, Appendix A.2.

[24] Giulia CavAGNARI, Giuseppe SAVARE, and Giacomo Enrico SODINI. A Lagrangian approach to totally dissipative evolutions in Wasserstein spaces.
2023. arXiv:2305.05211, Theorem 3.14.

[25] José A. CARRILLO and Guiseppe T0sCANI. Contractive Probability Metrics and Asymptotic Behavior of Dissipative Kinetic Equations. Rivista di
Matematica della Universita di Parma, 2007, Lemma 7.3.

33 /34



Convergence of Velocity Fields

We define a "dissipation”-like function
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Let v be A-monotone in A with A > 0, D(p(0)) < co. Then D along solutions to (1) satisfies*
D(p(t)) < e *D(p(0)) V>0, (5)
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Let v be A-monotone in A with A > 0, D(p(0)) < co. Then D along solutions to (1) satisfies*
D(p(t)) < e *D(p(0)) V>0, (5)

*Need v; sufficiently regular in p and z, and v; in subset of tangent space at p:
vilp] € {c(ri —id) € La(p:) : (id X7i)gpi € T*(pi, (ri)gpi) , (ri)spi € Ai, ¢ >0}

L2 (pi)

C TpPa.
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Convergence of Velocity Fields

We define a "dissipation”-like function

Do) =3 Dilp), Dilo) = [ Iuilolw P dos(e). )

Proposition (Convergence of D)

Let v be A-monotone in A with A > 0, D(p(0)) < co. Then D along solutions to (1) satisfies*
D(p(t)) < e *D(p(0)) V>0, (5)

*Need v; sufficiently regular in p and z, and v; in subset of tangent space at p:
vilp] € {e(ri —id) € La(ps) : (id Xri)gpi € I*(ps, (ri)gpi) s (ri)spi € Ai, > 0}

L2 (pi)

C TpPa.

Monotonicity with A > 0 implies exponential convergence of the velocity fields.
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