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- memsy
The Equation

The goal of this presentation is to showcase some recent results regarding

the behaviour of the solutions of the heat equation posed in the hyperbolic
space H¢,

ur = Apau, xeH9 t>0, 1

u(0,-) =up >0, xcH, (1)
where Apq stands for the Laplace-Beltrami Operator, the dimension d > 2
and the initial datum is non-negative and satisfies up € L*(H?).
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the behaviour of the solutions of the heat equation posed in the hyperbolic
space H,

{ut = Apau, xeHI, t >0, (1)

u(0,") =u >0, x¢eH9,

where Agq stands for the Laplace-Beltrami Operator, the dimension d > 2
and the initial datum is non-negative and satisfies ug € L1(IH9).
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The Hyperbolic Space

The Riemannian manifold H? is the unique simply connected, d-dimensional
Riemannian manifold of constant sectional curvature equal to —1. As such,
it admits several different coordinate systems X = (x1, ..., xg) € He.
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The Riemannian manifold HY is the unique simply connected, d-dimensional
Riemannian manifold of constant sectional curvature equal to —1. As such,
it admits several different coordinate systems X = (x1,...,x4) € He.

Given one set of coordinates, the tensor of the Riemannian metric ds? will
be denoted as g, its entries will be denoted as g;;, and the entries of the
inverse matrix as g'7/. The Laplace-Beltrami operator then reads

o (o(Vaa@ £ (e 32))

AHdU =

\/det(g Z Ox;
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The Riemannian manifold HY is the unique simply connected, d-dimensional
Riemannian manifold of constant sectional curvature equal to —1. As such,
it admits several different coordinate systems X = (x1,...,x4) € He.

Given one set of coordinates, the tensor of the Riemannian metric ds? will
be denoted as g, its entries will be denoted as g;;, and the entries of the
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The factor that provides the measure of the space is given by
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The Riemannian manifold HY is the unique simply connected, d-dimensional
Riemannian manifold of constant sectional curvature equal to —1. As such,
it admits several different coordinate systems X = (x1,...,x4) € He.

Given one set of coordinates, the tensor of the Riemannian metric ds? will
be denoted as g, its entries will be denoted as g;;, and the entries of the
inverse matrix as g'7/. The Laplace-Beltrami operator then reads

o [o(vae® £ (e )
~ /det(g) ; Oxj

The factor that provides the measure of the space is given by

du(%) = /det(g(®)) d% and so, o € L1(HY) < / o) dpa() < 00
THd
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The Hyperbolic Space. Polar (or elliptic) coordinates

Let O € HY fixed, and X = (r,0), where r = dist(x, ©) and § € S771.
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Let O € HY fixed, and X = (r,0), where r = dist(x, ©) and § € S771.

1 0
Let g = (O sinhz(r) ) Id—l). Then,
1 1
Agot = ——————0, (sinh?Y(r) - d,u) + —5—ADga-1u,
U S (1) ,( in (r) rU) (1) sd-1U
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The Hyperbolic Space. Polar (or elliptic) coordinates

Let O € HY fixed, and X = (r,0), where r = dist(x, ©) and § € S771.

1 0
Let g = (O sinhz(r) ) Id—l). Then,
1 1
Agot = ——————0, (sinh?Y(r) - d,u) + —5—ADga-1u,
U S (1) ,( in (r) rU) (1) sd-1U

dp(r,0) = sinh?=1(r) drdé
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The Hyperbolic Space. Polar (or elliptic) coordinates

In particular, one can focus on the particular case where ug(r,8) = up(r).
Then, the problem becomes one-dimensional, the equation (1) reads

09/2025 7 /43



- e=e
The Hyperbolic Space. Polar (or elliptic) coordinates

In particular, one can focus on the particular case where ug(r,8) = up(r).
Then, the problem becomes one-dimensional, the equation (1) reads

vy = 02u+ (d — 1) coth(r)d,u

and u(t, r,0) = u(t, r). We will refer to this case as radial solutions .
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Background of the problem
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Existence, uniqueness, kernel

In the cases where the problem can be reduced to a one-dimensional case,
existence and regularity are straightforward.

For a more general initial datum ug € L(HH9) a unique solution u of pro-
blem (1) exists, and u € C([0,00) : LY(HY)) and u € C>((0,00) x HY).
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In the cases where the problem can be reduced to a one-dimensional case,
existence and regularity are straightforward.

For a more general initial datum ug € L(HH9) a unique solution u of pro-
blem (1) exists, and u € C([0,00) : LY(HY)) and u € C>((0,00) x HY).

In particular, a kernel PY(t,x) exists, in the sense that it is the fundamental
solution of (1) with initial datum wg(x) = J,(x), and the solution u for
another integrable datum is given by

u(t,x) /Sd1/ y)P(t,x)du(r,0).
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Existence, uniqueness, kernel

Moreover, given the polar coordinates r > 0, § € S971, the explicit formula
for the kernel is known,

P(t,x) = Py(t, A(x,y)), where X(x,y) = dist(x,y)

and P, and )\ both have closed formulas.

See to this respect Strichartz (1983), Davies & Mandouvalos (1988), the

notes by Grygor'yan & Noguchi (1997~ 1998) and the book by Grygor'yan
(2009).
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The results by Vazquez (2022)

Let ug be radial and M represent its H?-mass. Then,
[u(t, x) — MPg(t, x)||1ey = 0 as t— oo, (no speed of conv.)
and, as a consequence of the L1 — > smoothing effect,
lu(t, x) = MPa(t,x) | oo (uaay = O(t 3,

where \1 represents the first eigenvalue of the Laplace-Beltrami operator in
HY (in contrast to the euclidean case). Here,

A = @. 2)
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But, perhaps more interestingly, Vazquez also proved that, if the initial
datum in not radially symmetric then the solution does not converge to the
fundamental solution, again in sharp contrast with the Euclidean case.
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for a certain positive function Q(x).
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But, perhaps more interestingly, Vazquez also proved that, if the initial
datum in not radially symmetric then the solution does not converge to the
fundamental solution, again in sharp contrast with the Euclidean case. We
have

t%e)‘lt\u(t,x)—MPg(t,x)] = Q’(x) >0 forall xc HY foranyyeHY,

for a certain positive function Q(x).

Why this is true? Let's take a look at the kernel in dimension d = 3.

_Aw)?

PY(t,x) = P3(t,A(x,y)) = Cqt 2e Mt.e "4
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But, perhaps more interestingly, Vazquez also proved that, if the initial
datum in not radially symmetric then the solution does not converge to the
fundamental solution, again in sharp contrast with the Euclidean case. We
have

t%e)‘lt\u(t,x)—MPZ(t,x)] = Q’(x) >0 forall xc HY foranyyeHY,

for a certain positive function Q(x).

Why this is true? Let's take a look at the kernel in dimension d = 3.

_A()Z:/)z ) /\(X, y)
sinh(A(x, )

PY(t,x) = P3(t, A(x,y)) = Cqt 2 M. e

and consider an initial datum up(x) = do(x) + 6, (x).
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@ Can we obtain a speed of convergence in the L! norm? That would
translate directly into an improved convergence speed in the L° norm
through the L1 — [ smoothing effect.




So, three questions unfold:

@ Can we study radial and L! solutions (and other families of solutions
not covered in this talk) under a common frame?

@ Can we obtain a speed of convergence in the L! norm? That would
translate directly into an improved convergence speed in the L° norm
through the L1 — L smoothing effect.

© Most importantly: What is the large-times behaviour of integrable,
non-radial solutions?
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For the sake of exposition, let us focus for now on radial solutions, using
radial coordinates. Instead of studying directly the solution u(t, r) we con-
sider

v(r,p) = u(t(r), r(r,p)) - e? -sinh9™1 (r(1.p)),

where we considered

t(r)=e"—1, r(r,p)=ezip+(d—1)e".

The term (d — 1)e” is remarkable. Lemm & Markovic (2018) and Vazquez
(2022) proved that the bulk of the mass of u is located on a spherical strip
at distance |x| ~ (d — 1)t = O(\/t).
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For the sake of exposition, let us focus for now on radial solutions, using
radial coordinates. Instead of studying directly the solution u(t, r) we con-
sider

v(r,p) = u(t(r), r(r,p)) - e? -sinh?~} (r(1.p)),

where we considered

t(r)=e"—1, r(r,p)=ezip+(d—1)e".

The term (d — 1)e” is remarkable. Lemm & Markovic (2018) and Vazquez
(2022) proved that the bulk of the mass of u is located on a spherical strip
at distance |x| ~ (d — 1)t & O(\/t). This is referred as ballistic motion,
which is this case is in combination with Brownian motion.

A. Gérriz 09/2025 16 / 43




o Enopy Techniques |
The method

The rest of the analysis follows the classical Entropy approach. The function
v(T, p) satisfies a certain equation.




o Enopy Techniques |
The method

The rest of the analysis follows the classical Entropy approach. The function
v(T, p) satisfies a certain equation. We compute explicitly the “transient”
equilibrium of that equation, call it V(7, p).




The method

The rest of the analysis follows the classical Entropy approach. The function
v(T, p) satisfies a certain equation. We compute explicitly the “transient”
equilibrium of that equation, call it V(7, p).

The equation satisfied by v can then be written as
=By (v, In (). 0= plr). >0,

v(T, po(1)) =0, T >0,
v(0,-) = w, p = po(T).

where po(t) = —(d — 1)ex.
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Next we define the Entropy of v relative to the “equilibrium” V,

> v
H(v|V) ::/ v-ln(=) dp,
po(t) <V)




o Enopy Techniques |
The method

Next we define the Entropy of v relative to the “equilibrium” V,

> v
H(v|V) ::/ v-in{=) dp,
po(t) <V>

and then we prove (after a lot of computations) that

O-H(V|V) < kg My €™ — H(v|V),

where kq, mg are constants that depend on the dimension, and we defined
Mz = [° uo(r)sinh?(r) dr.
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As a consequence, there exists a value H*(v), such that

H(v|V) < H (vo)e™

and then the rest of the result follows




o Enopy Techniques |
The method

As a consequence, there exists a value H*(v), such that
H(v|V) < H*(w)e "
and then the rest of the result follows

Decay of H(v[V) — Decay of ||v — V|[;1 — Decay of |lu — U|| 1 (pe)

for a certain profile U(t, x) that will be specified later.
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Convergence for radial solutions

Let ug be radial and M < oo. Then there exist a value C, > 0 and a ty
such that, for all t > tg,
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Convergence for radial solutions

Let ug be radial and M < oo. Then there exist a value Coc > 0 and a tp
such that, for all t > tg,

lu(t, r) — Coo T(t,r + (d — D))l ey S 2,

where ['(t, x) is the 1-d gaussian function and Cs, = %MR.

As a consequence, for all t > t7,

lu(t, r) = MP4(t, 7| pggey S 2




Convergence for radial solutions

Let ug be radial and M < oo. Then there exist a value Coc > 0 and a tp
such that, for all t > tg,

lu(t, r) — Coo T(t,r + (d — D))l ey S 2,

where ['(t, x) is the 1-d gaussian function and Cs, = %MR.

As a consequence, for all t > t7,
_1
[u(t, r) — MPa(t, r)|| ey St 2.

and

lu(t, r) — MPy(t, )| oo ey S €72
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Since the problem was reduced to a one-dimensional problem with a drift
that, at large distances, was similar to (d — 1)0,u, it is natural that we

obtained as the limit profile a Gaussian function drifted by a term (d — 1)t;
i.e., ballistic motion.




So, we managed to obtain the speed of convergence for radial solutions.

Since the problem was reduced to a one-dimensional problem with a drift
that, at large distances, was similar to (d — 1)0,u, it is natural that we
obtained as the limit profile a Gaussian function drifted by a term (d — 1)t;
i.e., ballistic motion.

Now, the next logical question is what happens in the more general case
up € Ll(Hd).
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First steps

As commented at the beginning of the presentation, let us consider polar
coordinates x = x(ry,0x), with r, > 0, 6, € S?71. Also, we fix the origin

as the “privileged pole” and define Py(t, x) the kernel in polar coordinates
around the origin.




As commented at the beginning of the presentation, let us consider polar
coordinates x = x(ry, 0x), with r, > 0, 0, € S9-1. Also, we fix the origin
as the “privileged pole” and define Py(t, x) the kernel in polar coordinates
around the origin.

Since we know that, due to the ballistic motion, the mass of the solution
escapes really fast towards infinity “in the direction of r”, one can guess
there is very little time for the solution to spread “in the direction of 6".
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As commented at the beginning of the presentation, let us consider polar
coordinates x = x(ry, 0x), with r, > 0, 0, € S9-1. Also, we fix the origin
as the “privileged pole” and define Py(t, x) the kernel in polar coordinates
around the origin.

Since we know that, due to the ballistic motion, the mass of the solution
escapes really fast towards infinity “in the direction of r”, one can guess
there is very little time for the solution to spread “in the direction of 8. As
a consequence, the solution must have a memory of the initial distribution
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So, let y = y(r,,60,), and for a certain function ¢(ry,6,;0y), we define
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As commented at the beginning of the presentation, let us consider polar
coordinates x = x(ry, 0x), with r, > 0, 0, € S9-1. Also, we fix the origin
as the “privileged pole” and define Py(t, x) the kernel in polar coordinates
around the origin.

Since we know that, due to the ballistic motion, the mass of the solution
escapes really fast towards infinity “in the direction of r”, one can guess
there is very little time for the solution to spread “in the direction of 8. As
a consequence, the solution must have a memory of the initial distribution
of the mass of ug depending on 6, call it ®(6y).

So, let y = y(r,,60,), and for a certain function ¢(ry,6,;0y), we define

0(0) = [ i0(r0) (5:0,:0.)) ().

Now the question is, what should this ¢ be?
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Computing ¢

Since u(t,x) = [ upP% du(y), we have

Ju = ®Palugao = | /Hd wo(y)Py(£,%) duly) — D(B)Pult,x)| du(x)

Hd
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Computing ¢

Since u(t,x) = [ upP% du(y), we have

dp(x)

[ wPs(ex) du(y) — 0(6:)Pa(e.)

Ju— Pyl 11y = /

Hd
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Since u(t,x) = [ upP% du(y), we have

dp(x)

Ju— Pyl 11y = /
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[ wPs(ex) du(y) — 0(6:)Pa(e.)

< /Hd uo(y) [/Hd |PY(t,x) — @(ry, by; 0x)Pa(t, )| du(X)] dp(y),

so we need ¢(ry,0y;0x)Pg(t,x) ~ P%(t,x) for big times, at least where
the bulk of the mass is concentrated, i.e., when x ~ ((d — 1)t,6y). So, we

define
P (t, (d —1)t,6y) _

o(ry,0,;05) = lim

t—+oo Py(t,(d — 1)t, 6y)




Since u(t,x) = [ ugPY du(y), we have

dpu(x)

|l = ®Pa]| 151y = / /H , ()P (t:x) duly) = (0:)Pa(t,x)

Hd

< /Hd uo(y) [/Hd |PY(t,x) — o(ry, 0y 0x)Pa(t, )| du(X)] dp(y),

so we need ¢(ry,0y;0x)Pg(t,x) ~ P%(t,x) for big times, at least where
the bulk of the mass is concentrated, i.e., when x ~ ((d — l)t,HX). So, we

define
Pt}j/(ta(d_ 1)ta ex) _

Sp(r}’?ey;ex) - t_I:-Too Pd(t,(d - 1)t7 0X) o

= [cosh(r,) —sinh(r,) - <,9X’9y>]*f%1 '
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L' convergence

Let up € L*(H9) such that & € L1(S9!). Then,
lim (e, x) — S(6)Palt, )1y = O

where
0(60) = [ olry.0,) (15856 duy)

and
¢(ry, 8, 6x) = [cosh(r,) — sinh(r,) - (6x,6,)] |21
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The key for that is employing again the convergence of the Entropy but this
time taking into account the #-component. Let v as in the radial case, then

we define
o0

N(r,0) = / v(T, p,0)dp.
po(T)

In this case the equation satisfied by v is

v, =0, (v - 0p [In ( VV)]) + Smhz(r)ASd v, p>po(r), T>0,
v(7, po(7)) =0, T >0,
v(0,-) = vo, p = po(T).
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Can we improve the previous result, obtaining a speed of convergence?

The key for that is employing again the convergence of the Entropy but this
time taking into account the #-component. Let v as in the radial case, then

we define
o0

N(r,0) = / v(T, p,0)dp.
po(T)

In this case the equation satisfied by v is

v, =0, (v - 0p [In ( VV)]) + Smhz(r)ASd v, p>po(r), T>0,
v(7, po(7)) =0, T >0,
v(0,-) = vo, p = po(T).

Remember, the mass is located at distance r ~ (d — 1)e”

09/2025 27/
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Improving the L! convergence

This time we study the Entropy of v relative to the product N (7, 0)V(7, r),

e v
H(VINY) = /Sd_l /po(t)v-ln </\Tv> dp db,




Improving the L! convergence

This time we study the Entropy of v relative to the product N (7, 0)V(7, r),

0 v
H(vINY) = /Sd_l /po(t)v-ln (W) dp d,

But there is a caveat: due to the structure of the quantity 9, H, we are in
need of a very fast convergence of N(7,0) to a certain limit in time.




Convergence of A and H

After many computations, and with an extra hypothesis on the initial datum

(an extra momentum), we can prove that there exists a N, () € L>(S971)
such that

INoo(0) — N(7,0)] < €% for some dy > 0.
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Convergence of A" and H

After many computations, and with an extra hypothesis on the initial datum

(an extra momentum), we can prove that there exists a Noo () € L>(S971)
such that

INoo(0) — N(7,0)] < €% for some dy > 0.

Again, we prove that there exists a value H*(v), such that
H(vINV) < H*(w)e 7,

and conclude that

v —ANV|[2 < VH(W)e 2= |lu — CocNaol|| 2 < VH* (vo)t 2
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N and ¢

But wait a minute... We said that
Jim [Ju(t, x) = ©(6) Pa(t, 1) 11saey = O,

and now we are saying that

Jim [Ju(t,x) — CooNao(O)F (2,7 + (d — 1)8) | 3(s6) = 0.




N and ¢

But wait a minute... We said that
Jim [Ju(,x) = D(0)Py(t, 1) 1(sz0) = O,
and now we are saying that

Jim [u(t, x) — CooNoo(O)T(t, r + (d — 1)t)]| gy = O.

There must be, certainly, a relationship between ® and N.
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~ Resuhtsforintegrable solutions |
N and ¢

Indeed, we are able conclude that ®(6) = [S¥1| - Noo(0) a.e.,

1& — IS¥Y - Mool 3 (sa-1) = [T |® Py — S - Noo Pl |z

S IC(NT — [s97Y NooPall gy + llu = COONoT || 1 ey

An(t) Aolt)

+ [lu = PPyl ;1mey — O as times goes to oo.

As(t)

Our last result follows.




! convergence with speed

Let up € LY(H9) with some momentum and ® € L1(S9~1). Then,

lu(t, x) — C(£) N(£,0) T(t,r + (d — 1)t)|| ey S t2




! convergence with speed

Let up € L}(HY) with some momentum and ® € L1(S9~1). Then,

lu(t, x) = C(£) N(£,0) T(t.r +(d = 1)) ey S ¢ 2
Moreover, there exists a time tg such that, for all t > tg,
|sd 7L 0(9) Tt r+ (d = 1)1 ey S ¢2.
—_———

lu(t, x) —




! convergence with speed
Let up € L}(HY) with some momentum and ® € L1(S9~1). Then,
lu(tx) = C(£) N (£:0) T(t:r + (d = 1)) [ 3oy S 2.

Moreover, there exists a time tg such that, for all t > tg,

2d—2 L 1
HU(t,X)——ﬁ ST d(0) T(t,r+ (d — 1)t) | agey St 2.
—_—
= A0

If we want to express convergence in terms of the heat kernel G,

lu(t, x) — (8) Pa(t,Nlpgey St2 forall t>t.




~ Resuhtsforintegrable solutions |
The End

Thank you very much for your attention.
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The Hyperbolic Space. Hyperbolic coordinates

Let P C HY a hyperplane isomorphic to H"!, and X = (r,w), where
r = dist(x, P) € (—o0,00) and w € H9~L.
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The Hyperbolic Space. Hyperbolic coordinates

Let P C HY a hyperplane isomorphic to H"!, and X = (r,w), where
r = dist(x, P) € (—o0,00) and w € H9~L.

1 0
Let g = (O coshz(r) _ Id—l). Then,

1 1

A = - -
metl cosh?(r)

)8, (coshd_l(r) . 8,u> + Aga-1u,

cosh?=1(r
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The Hyperbolic Space. Hyperbolic coordinates

Let P C HY a hyperplane isomorphic to H"!, and X = (r,w), where
r = dist(x, P) € (—o0,00) and w € H9~L.

1 0
Let g = (O coshz(r) _ Id—l). Then,

1 _
Coshd—_l(r)ar (COShd 1(r) . 8ru> +

1

A = - -
metl cosh?(r)

AHd—l U,

dp(r, w) = cosh?=1(r) drdw




N e
The Hyperbolic Space. Hyperbolic coordinates

(a) Poincaré disk model. (b) Poincaré half-space model.

Figura: Arrowed curves represent geodesics parametrized by r € (—oo, co). In orange some half-rugby balls, a popular name for
the subspaces HIL In red, the hyperplane P. Image by |. Gonzdlvez
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The Hyperbolic Space. Hyperbolic coordinates

As before, in the case where ug(r,w) = up(r), then the problem is one-
dimensional and the equation is

ur = 02.u+ (d — 1) tanh(r)d,u

and u(t, r,w) = u(t, r). We will refer to this case as planar solutions .




The Hyperbolic Space. Parabolic coordinates

In the hyperbolic space there exists a certain type of objects that do not
belong in other spaces like RY. We are talking about the horospheres.

q "

{za =0}

(A) Horospheres centred at q in the disc model (B) Horospheres centred at q in the upper-plane model

Figura: Images by . Gonzélvez
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Let H C H? a horosphere isomorphic to RY~!, and X = (r,w), where
r = dist(x, ) € (—o0,00) and w € H.
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Let H C H? a horosphere isomorphic to RY~!, and X = (r,w), where
r = dist(x, ) € (—o0,00) and w € H.

1 0
Let g = (O o2r . Id—l). Then,

1

1
Apau = 0 <e(d_1)’ . 8,u> + EA]RC/A u,

e(d—l)r r




The Hyperbolic Space. Parabolic coordinates

Let H C H? a horosphere isomorphic to RY~!, and X = (r,w), where
r = dist(x, ) € (—o0,00) and w € H.

1 0
Let g = (O o2r . Id—l). Then,

1 d—1)r 1
e(d_l)r& <e( ) -8,u> + EA]RCHU,

AHdU =

du(r,w) = €997 drdw




The Hyperbolic Space. Parabolic coordinates

{zs =0}
(a) Poincaré disk model. (b) Poincaré half-space model.

Figura: Arrowed curves represent geodesics parametrized by r € (—oo, 00). In green some horospheres. Image by |. Gonzélvez
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The Hyperbolic Space. Parabolic coordinates

And again, in the case where ug(r,w) = up(r),

v = 0%u+ (d —1)d,u

and u(t, r,w) = u(t, r). We will refer to this case as horospheric solutions .




The Hyperbolic Space. Parabolic coordinates

And again, in the case where ug(r,w) = up(r),
v = 0%u+ (d —1)d,u

and u(t, r,w) = u(t, r). We will refer to this case as horospheric solutions .

These ones do not have a parallel in the Euclidean Space!!!




~ Resuhtsforintegrable solutions |
The initial data

Initial datum Coord. Metric du
up radial Polar sinhd=1(r) dr
ugp planar Hyperbolic | cosh?~Y(r) dr

ug horospheric | Parabolic eld=1r qr

up € L(H) Polar | sinh?=%(r) drd6




Planar and horospheric solutions

Let up be planar and Mp < oo. Then there exist a value C, > 0 and a tg
such that, for all t > tg,

_1
Ju(t, r) = Coo T(t,r + (d — 1)t) || yw;dp(ry) St 2-

Let up be horospheric and My < co. Then there exist a value C, >0
and a tg such that, for all t > tg,

_1
Ju(t, r) = Coo T(tr +(d = D)1 (w;apry) S 2




o Resitsforinegrable solutions [
The REAL End

Thank you very much, again, for your attention.
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