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Optimal transport and entropic optimal transport

Definition
The Benamou Brenier formula for the Wasserstein distance is:
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Optimal transport and entropic optimal transport

Definition
The Benamou Brenier formula for the Wasserstein distance reparametrize in time is:

I L i

Op + div(pv) =0
Schrédinger cost with regularized-parameter € := a7 can be defined as:

SChMMa(H(u)JrH()erm{ //|c\2+’—Vln ‘dpdt

T 2

p(0) =p, p(r)=v,
Op + div(pe) =0 '

Where H is the Boltzmann entropy.



JKO scheme

Let V,W € C%(RY, R, ) with W symmetric and f € C3(R,,R})

Flp) = Jra V() p(2) dz + [ga(W = p)(2) p(z) dz + [ga f(p(2)) dz,
P 400 otherwise

Then we can define the one step JKO associated to F
W2
J2(p) := argmin {M + f(p)} :
pEP2(RY) 27

where W5 is the Wasserstein distance; the iterate scheme is:
TR (1) = ()M () = T o0 J)(n).
—_——

k times

if p< Leb



Entropic JKO

We can define the one-step entropic JKO associated to F

S hO{T
7)€ angmin { SV gL
pEP2(RY) T

and the iterate scheme: J2 () := (J2)°K(u) = J% o0 J*(p).
—_——

k times

When it's possible let's define p®7(t) := JFLWT(MO)'



Entropic JKO

We can define the one-step entropic JKO associated to F

S ha’l'
J7 (1) € argmin {c—(u’p) + f(p)} ;
pEP(RY) T

and the iterate scheme: J2 () := (J2)°K(u) = J% o0 J*(p).
k ti
Imes

When it's possible let's define p®7(t) := Jﬁﬂ‘r('uo)'

Question
Is p*7 a good approximation of the solution of:

{atp— div (p(VV + VW * p+ V(f(9)))) =0
p(o, ) = Mo
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A prior convergence result

Let's recall that p™7(¢) := JFL]T(MO)

Baradat, Hraivoronska, Santambrogio (25)

For F(p) := RdV(x)( daz+/ (W p)(z da:-i—/ flp(x))dx, if p<Leb

with
°* (AV)4 <K, (AW); <K
® f is convex and verify some growth assumptions

then p™®7 is well-defined and converge when 7 — 0 in the distributional sense to a
distributional solution of:

{8,5/) —div (p(VV + VW % p+ V(f'(p)))) = 2Ap
P(O’ ) = Mo



The continuous case

Let's first take a look at the continuous level. For this let's introduce the solution of the
limiting PDE's:
Let's call p¥ the solution of:

{atp —div (p(VV + VW % p+ V(f'(p)))) = 0
:0(07 ) = [0
Let's call p“ the solution of:

{&sp —div (p(VV + VW % p+V(f'(p)))) = §Ap
p(0,-) = o



At the continuous level, we have a bound under extra assumption on F:

Theorem ('Fanch’s calculus’)

® V' convex,

o W symmetric and convex,

® s s5%f(s7%) is convex and non increasing on (0, +oco) (McCann condition),
then F is convex along generalized geodesics. Moreover, if:

e AV <K,

e AW < K,

® f js convex,

then for every t > 0 and K = K + K the following inequality holds:

Wals(2),p7(0) < |/ 58(H o) — H(po(2)) + K



Main results

At the discrete level we have some similar inequlity:

C. Baradat (in prep)

Under the same assumption. Then the iterates Jp (10) and J (uo) are well-defined and
satisfy:

Wa( I3, (o) ) < \/27(F (o) — F(I9 (10))+/nrer (H (o) = H(Jg (o)) + Knr)
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Main results

At the discrete level we have some similar inequlity:

C. Baradat (in prep)

Under the same assumption. Then the iterates Jp (10) and J (uo) are well-defined and
satisfy:

Wa( I3, (o) ) < \/27(F (o) — F(I9 (10))+/nrer (H (o) = H(Jg (o)) + Knr)

We can give a first answer to our result

|

Corollary
Wa(p™7 (1), p°(t)) < C(Va + V7)

where C' depends only on the second moment of 1, t, F(uo), H(po), and K.

A bound between the JKO and entropic JKO schemes



At the continuous level, we have a bound under extra assumption on F:

Theorem

oV convex,

o W symmetric and )\,-convex,

e s+ sf(s7%) is convex and non increasing on (0,+o0c) (McCann condition),
then F is convex along generalized geodesics. Moreover, if:

e AV <K,

o AW < K,

® f js convex,

then for every t > 0 and K = K + K the following inequality holds:

Wale (0 p°(1)) < ¢ S (H (o) — H(p(6) + K1)



Main results

At the discrete level we have some similar inequlity:

C. Baradat (in prep)

; 1
Under the same assumption. For every 7 < 53—

Wa (I3, (o), I (10)) <A1 — A7) "V (F o) — F(J2 (o))

+(1 +3)\_T)\/1 1+/\T \/a H(J% (10)) + Knr)

We can give a first answer to our result

Corollary
Wa(p™" (1), p°()) < C(Va + V7)

where C' depends only on the second moment of pg, \, t, F(uo), H (o), and K.
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Idea behind the proof

Let's look at the difference step by step:

Wa (1) (10)s Ty (10)) = Wa (T2 (T (110)), T2 (T (10)))

We dealing with one step of two different schemes starting from two different measures,
let's rewrite the inequality in two sub-problem:

W2(J(Ok‘+1)T(MO)? J&Jrl)‘r(:u()))
< W 2 (- (10)), T2 (T (110))) + Wa(J2 (T (o)), I7 (T (10)) -
M ()
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Idea behind the proof

Let's look at the difference step by step:

Wa (1) (10)s Ty (10)) = Wa (T2 (T (110)), T2 (T (10)))

We dealing with one step of two different schemes starting from two different measures,
let's rewrite the inequality in two sub-problem:

W2(J(Ok‘+1)T(MO)? J&Jrl)‘r(:u()))
< W 2 (- (10)), T2 (T (110))) + Wa(J2 (T (o)), I7 (T (10)) -
M ()

e (1) is the distance between the measure obtain from the same scheme but starting
from different measures.

e (Il) is the distance between the image from the same measure by the JKO scheme
and the entropic JKO.



Upper Bound on Term (I)

Discrete Evolutionary variational inequality (Discrete EVI)

For every p,v € Po(R?).

1

— (Wh(p, 720) = WE(p,v)) < Flp) = F(JAw)) = 5-WE(I(w),v)

Ambrosio, Gigli, Savaré (2005)

(1) < WE(Jr (o), T (10)) + 27 (F(JRr (1)) = F(IGygyr (ko))



Upper Bound on Term (IT)

Discrete Evolutionary variational inequality (Discrete EVI)

For every p,v € Po(RY).

o= WA (p, I2)) < Flp) + o

- WH(p,0) — (FI2w) + 5-WH ), 0))



Theorem

For all j1 € P2(R9):

W02, 72 0) < o (R s ) - (HEBED  m a2y ) )




Theorem

For all j1 € P2(R9):

W0, 20 < o (TETEUD ey - (MR r(0() ) )

Lemma 1
For all p, v such that H(p) < 400 and H(v) < +o0, then the following inequality holds:

Sch*™(p,v) _ H(p)+ H(v)  W3(p,v)
>« +
T - 2 2T



Theorem

For all j1 € P2(R9):

W02, 72 0) < o (R s ) - (HEBED  m a2y ) )

Lemma 1
For all p, v such that H(p) < 400 and H(v) < +o0, then the following inequality holds:

Sch*(p,v) _ H(p)+H(v)  Wi(p,v)
>« +
T - 2 2T

Lemma 2

Sch (u, J7 (1))

T

2 0 a
LR () — (W T f<J£<u>>> < (i) + Ko




Comparing iterates at step (k + 1)

W2 (17 (10)s Ty (10)) < (Wa IR, (1)), ST (1)) + Wa( 2 (T (10)), T2 (TR (110))) )
(0 (1

Bounds on (I) and (II)
() < WR(IR- (o), T (1)) + 27 (F (TR (10)) — F (T 1)r (10)))
(I? < Kot + a(H(Jg (o)) — H(JG 1y, (10)))-

W2 (I p1y2 (10). Ty (0)) < <¢ WE (L, (10), T (10)) + 2 (F(IL, (10)) — F(TG i1y, (10))

+T \/KaT +a(H(Jg, (ko)) = H(J&H)T(Mo))))
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We conclude thanks to

Lemma (Squared discrete Gronwall lemma)
Let (ag), (bg) > 0. If (uy) satisfies

2
Uiy < (\/ up + a1 + bk+1> , upg =0,

then

for ui = Wa(JE, (o), i (o)), arsr = 20 (FUIL (o)) = F (I ) (0)) ).

bhin = V7| Kar -+ a(HUE () ~ H . 00))

and the Cauchy-Schwartz inequality.



C. Baradat (in prep)

Under the same assumption. Then the iterates Jp (10) and J (uo) are well-defined and
satisfy:

Wa(J2, (10), IS (10)) < \/27(F (o) — F (IO (10))++/nre (H (o) — H(J% (1)) + Knr)
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C. Baradat (in prep)

Under the same assumption. Then the iterates J (o) and J& (1o) are well-defined and
satisfy:

Wa(J2,(10), Iy (10)) < /27 (F (o) — F(J2, (o)) ++/nre (H (o) — H(J% (o)) + Knr)

From the classic result

Theorem (Ambrosio, Gigli, Savaré (2005))

Wa(p' (t), 0°(8)) < /27 F (p0)
Coollay |

we easily deduce

Corollary
Wa (™7 (t),p°(1)) < C(Va + V)

where C' depends only on the second moment of g, t, F (o), H (o), and K.



Thank you for listening
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