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The continuous problem
Partial differential equation

{8” FdivE =0 in (0, T) x © (FPE)

F=—-pVV —-Vp
No-flux boundary condition
F-ngg=0 on(0,T)x 900

Initial condition

p(0,-)=p">0 with H(®) < +oo0 and M = / p° > 0.
Q

e Q C RY is a bounded convex polyhedral domain

@ T > 0is an arbitrary finite time horizon

o Ve C2( ) does not depend on time. Gibbs measure 7 = e~V > 71, > 0.
o H(p) = [o(plogp — p+1) >0 is the Boltzmann (neg-)entropy
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Well known facts

Mass conservation

AM&ZL?=M

Energy and Fisher information

2

E(p) = H(p) + /Q oV, Flp)=2 /Q "

o
™

EDI characterization of the unique solution

)0+ [ t [ [ % +f(p>] < &(°) (ED)

with F satisfying the continuity equation 9;p + div F = 0.
The curve p minimizes the left-hand side for all 0 < ¢t < T
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What will follow in this talk

Propose a fully discrete approximation that is
» compatible with the gradient flow structure of the Fokker-Planck Equation
» second order accurate in both space and time
» provably captures the unique EDI solution

> easy to compute
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Time discretizations: preliminaries

Global minimization: Optimal character of the curve p solution to (EDI)

T 2
: . |Fl
o(T) e arg;mn E(p)—l—atﬁldni\fF:O/O [ 20 + F(o)
2(0)=p°
o(T)=p

Stepwise minimization: Denote by 5" = p(t") with p being the EDI solution and
0=t"<t! <. <tV =T, then

tn+l 2
I , , |Fl
A
o(t")=p"
o(t")=p

For the optimal curve p

FO =Vt —  [EOEs),  veso
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The JKO scheme

[Jordan, Kinderlehrer & Otto (1998)]

Uniform time step 7 = T /N, t" = nt

1
P € argmin ZWg(p7 p")? + S(p)] , n>0 (JKO)
p

» Natural extension to the metric setting of the backward Euler scheme
~ first order accuracy
» Benamou-Brenier formula [Benamou & Brenier (2000)]

n+1
W2(pn+1 pn)2 _ inf ‘F|2
’ atg+d|vF 0

n+1

Iz Q( "“

» Optimality condition in (JKO) is a continuous in time MFG
Oro —divoVep =0 and o(t") =p"
06— 5|VolP =0 o(t7) = 55 ("*)

Hard to handle numerically in a Eulerian framework
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Stefanelli’'s Minimizing Movement scheme
[Jiingel, Stefanelli & Trussardi (2020)], [Stefanelli (2022)]

1
ple agmin | =Wa(p,p" ) +7F(p) +E(p)|, n=1 (SMM)
peL(Q) s.t. [p=M 27

» Closer to (EDI) with the full dissipation

» Rectangle quadrature rule with right endpoint for the Fisher information
~ still first order accuracy

» Optimality condition in (SMM) is still a continuous in time MFG

dro—divoVe =0 and o(t" ) =pt
¢ — 3V =0 o(t") = §(p") + 755 (")

Still hard to handle numerically
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Second order in time discretizations
Existing methods

» Variational midpoint rule [Legendre & Turinici (2017)]

1 n
p"*t € argmin {Wz(l% "+ 26(ELL )}
0 2T 2

> Poorly stable
» Hard to compute for d > 2

» Variational BDF2 scheme
[Matthes, Plazotta (2019)] [Gallouét, Natale & Todeschi (2024)]

n . 1 n 1 n—
p"t € argmin {Wz(p,p ) — —Wa(p,p" ) +5(p)}
0 T At

» Non-convex optimization problem
> Alternative formulation relying on metric extrapolation
~ still hard to compute
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Going to (really) discrete in time

Discrete curve (p")y <y With

n+1 _ n .
P TP L divFrti—0, 0<n<N-1
.

Set h(r) = rlog(r) — r + 1, then for any 9n+3,
n+l _ _n . . )
/ PP (h/(an"ri) + V) = / Frt:. v (hl(0n+§) I V)
Q@ Q

p
|Fn+§|2 N

> - = F(0mE

> - [ o - Fert)

Equality case

Fred = —0mtdw (W(emh) + V) =~ vy - worth
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Nonlinear time average

Entropic mean

o(a,b) = ()" (h(") 1) = o) ))

e aloga—blogb_1 1
- a—b 1/e

1-homogeneous, jointly concave

. n+1 n n+1y n
0n+— — e(pn n+1 [ / h/(0n+ )+ V) _ g(p ) E(p )

Remark: 6""3(x) is a (pointwise) interpolation between p"(x) and p"*(x)
~~ easy to handle numerically
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Time semi-discretization

Tentative scheme

n+l _ _n X
P TP L divFrtE =0
-

Frt: = —gntivy — vet:
0"z =0(p", ")

Energy discrete equality (formal)

& n+1 4 / _
W)t Q 20"z

|Fn+§ |2

+TF(O"E) = E(p")

» Really semi-discrete

» No metric interpolation

» Full dissipation is captured

» Mid-point rule ~ second order accuracy

x Not always solvable
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A remark on the Crank-Nicolson scheme

Gradient flow in R¢
i =—VE(u), u(0) = u® € R?

Crank-Nicolson scheme

n n+1
u"+1:u”—TVE<%>, n>0

Extrapolation based equivalent formulation

Uy — oy gVE <Un+§>

1
u™t =2y — "
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Nonlinear extrapolation operator

Set f(r) = ©(1,r) for r > 0, then define its generalized inverse g by
a(s) = { f~(s) ifs>et!

0 otherwise

Define the nonlinear extrapolation operator

E(a,c)::{ag<:) fa=0 ceR.

ec ifa=0
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Extrapolation based semi-discretization in time

Time semi-discretization

n+1 n
pF__—r

p

-
F't2 = —9"t2vV — vo"t: n=>0
Pt =Z(pr, 07t2)

+divFtE =0

Proposition
Let (p"tt,0" 2) be a solution of the above scheme, then

| n+§|2

E(p™) + T/Q +TF("TE) < E(p") (EDI,)

29n+%

with equality iff "3 > p"/e.
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Admissible tessellation of 2
[Eymard-Gallouét-Herbin '00]

o 7 primal cells

UK=% KNL=0if K+ L.
KeT

o Y: edges / faces
oK=|J 7 o=K|lLorocCoQ
oEY K

® (xk)ker: cell centers

xk € K
o (As),cx: diamond cells
Orthogonality condition

(xk,x1) L o, Vo = K|L =  Nky =
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oK=|J 7 o=K|lLorocCoQ

oEY K

® (xk)ker: cell centers
xk € K
o (As),cx: diamond cells
Orthogonality condition

(xk,x1) L o, Vo = K|L —  NKky =
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The numerical scheme

Data discretization
» Initial data

1
ph=— /07 KeT

mg

» External potential and stationary Gibbs measure

Vi = V(xk) and mx = m(xk) = e %, KeT

March in time
» Discrete conservation law
n+1

U + ) mgF Fi'iz0,  KeT
T oEY Kk

» Local nonlinear extrapolation

Pt = 2o 087),  KeT
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The numerical scheme (continued)

Discrete fluxes
» No-flux boundary condition:

Frte =0 ifocoq,

> Square-root approximation (SQRA) discrete inner fluxes
[Lie, Fackeldey & Weber (2013)], [Heida (2018)]

n+% n-‘r%
n+1 1 6 6 .
P 1 (x SO ith = R
d, TK 0L

o=KL € Tint
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The numerical scheme (continued)

Discrete fluxes
» No-flux boundary condition:

Frte =0 ifocoq,

> Square-root approximation (SQRA) discrete inner fluxes
[Lie, Fackeldey & Weber (2013)], [Heida (2018)]

a1 (et grtE
F,Zgz =g, | K— L with 7, = /7L, oc=K|Le X
dg K T
Remarks

@ Local conservation property

+1 +1
Feo? +F3=0, o=K|LE T

o Exponentially fitted scheme based on flux reformulation
F =-Vp—pVV =—"aV (B>
™
Granada — September 16-19, 2025 17 /3



Well-posedness of the scheme

Proposition

For any p” > 0 with >, mkpj > 0 there exists a unique 6""2 and p"*! solution
to the scheme. Moreover there holds

n+3 1 1
O > >0, gt =0 Y mkptt =) mpk = / P
KET KeT Q

and -
Pr Pk

5 2 O * = min(oRt, pf)

Keypoint of the proof

97:—;) . My T 2
—“— ] € argmin Z my Ik (sk) + Z (sk —s1)
< T )k sk ker TETint 2ds

where Jk being the convex antiderivative of s — =(pf, smk)
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Cosh-type dissipation potentials
[Peletier, Rossi, Savaré & Tse (2022)], [Peletier & Schlichting (2023)], [CC & Venel (2023)]

¥(z) =2z log (#) —2V4+22+4
P (§) = 4(cosh(£/2) — 1)
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Cosh-type dissipation potentials
[Peletier, Rossi, Savaré & Tse (2022)], [Peletier & Schlichting (2023)], [CC & Venel (2023)]

: : n+i n+i n+l
Geometric mean on the internal edges: 0, > = /0, 20, *

Discrete Benamou-Brenier functional (jointly convex)

mobpt (d R 1 pFe)
da 2.Q p(t"*%)

Dy (0% FrHa) =

n+i
0ETine 00 2
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Cosh-type dissipation potentials
[Peletier, Rossi, Savaré & Tse (2022)], [Peletier & Schlichting (2023)], [CC & Venel (2023)]

: : n+3 n+i n+l
Geometric mean on the internal edges: 0, > = /0, 20, *

Discrete Benamou-Brenier functional (jointly convex)

, 00 (dFE\ 1R
D 0n+%’ Fn+§ _ MmeUos o 01 o -
ol ) Z dy v ootz 2 Jqg p(t"t3)

TEYint

Dual dissipation potential. For F, & € R>, set (F,&)s = > .y mod, Fp &y,

. , ontE
D3(67,€) = sup (F.&)x — Dy(0"E, F) = 3 207 2 e, )

= d
FeR T o
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Cosh-type dissipation potentials
[Peletier, Rossi, Savaré & Tse (2022)], [Peletier & Schlichting (2023)], [CC & Venel (2023)]

: : n+3 n+i n+l
Geometric mean on the internal edges: 0, > = /0, 20, *

Discrete Benamou-Brenier functional (jointly convex)

, JOTE (A TR\ 1 F(e )
Dw(0n+%7Fn+§): Z m w( ~ — M

ds gg+% 2 Jo p(t"3)

TEYint

Dual dissipation potential. For F, & € R>, set (F,&)s = > .y mod, Fp &y,

n+—

* (pn+i n+i M0 *
D(07"3,8) = sup (F.&)s —Dy(0"3, F) = 3 = —v"(doo)
FcR* = o
n+— n+2 n+2
Discrete Fisher information. ¢ Iog and (Vs 32k, = u
2
N m.m [0 ”+2 [ ”+2
f¢(9n+§) (0n+2 Vz¢n+2) —9 Z ollo

OEXint
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Discrete energy dissipation inequality

Flux reformulation

n+% n+% n+% n+%
Fn+% = iw —eK — oL = EHLT% sinh | —K— L 9L
Ko da 7 TK Uy dg 2

Young-Fenchel equality

(™3 Vegmi)y = —Dy (03 F7'3) — F (07 F) (YF)
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Discrete energy dissipation inequality

Flux reformulation

n+% n+% n+% n+%
Fat® = dim, (—9’( e ) = 297 inh <—K — 0L )

7 o TK L do 2
Young-Fenchel equality

(™3 Vegmi)y = —Dy (03 F7'3) — F (07 F) (YF)

Discrete EDI
Set
ST(p") = Z mK(h(p,;() + Pk VK)7 n=0,
KeT
then
Er(p™) = Er(p") + 7 (Du(07 2 F"*3) + Fy(67 1)) <0
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Approximate solutions

» Cell-centered density reconstructions

pro(t.x)=pll, O (t,x) =007 forae xe K, te(t" "]

» Edge-based density reconstruction
Os -(t,x) = 07112 forae xeA,, te(t" "]

where
g1z _ o2t it o = KL
7 ot/ if 0 = OK N 0Q

» Inflated one-directional flux [Chainais-Hillairet, Liu & Peng (2003)]

Fs(t,x) =dFei?nk, forae x e, te(t" ]
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Sequence of meshes

> Let (T, i, (Xk)keTs, ) mo be @ sequence of admissible meshes such that

hm = max diam(K) — 0
KeTm m—-+o00

and such that there exist { > 0 such that

Z Mo <(¢mk and (¢ tdist(xk, K) < diam(K) < ¢ min d,, YK € Tn
oeTk 2d TEY K

» Let (Nm)m>o be such that N, — +o0, so that 7,, — 0.

Remark: We remove the subscript m and denote by h, 7 — 0 the limit m — 400
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Compactness properties of the approximate solutions

» From the control of the free energy
Hr(pr-(t") < Cr,  Hr(07.(t")<Cr, n=>0
whence

prr — p and 07, — 6  weakly in L}(Q7)
h,7—0 0

h,7—

pr(T) — p' weakly in L}(Q)
h,7—0

» From the control of the dissipation potential

N—1

Z 7D¢(0”+%, F”+%) <C = Fs, h—>0 F weakly in Ll(QT)d
T —>

n=0
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Compactness properties of the approximate solutions

» From the control of the free energy
Hr(pr-(t") < Cr,  Hr(07.(t")<Cr, n=>0
whence

PTr P and O, —>00 weakly in L}(Q7)

h,7—

pT’T(T) — o' weakly in L}(Q)
h,7—0

» From the control of the dissipation potential

N—1

Z 7Dy (0" 3, F"+%) <C = Fs, i F  weakly in L*(Q7)¢
h,r—

n=0

Conservation law (weak form)

/QpTcp(T) /p 0(0) — //T F-Vp=0, VypeCQr)
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Convergence in the distributional sense

Proposition

Assume that -

— 0, (CFL)

mingcy d, 7,h—0

then both reconstructions of the density share the same limit p:

107+ — p1.7l2(@r) Sl

Moreover, Vp € LY(Q7) and F = —Vp — pV V.

Corollary
The limit p solves (FPE) in the distributional sense.
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Convergence in the distributional sense

Proposition

Assume that -

— 0, (CFL)

mingcy d, 7,h—0

then both reconstructions of the density share the same limit p:
O - — — 0.
107~ — p7.rll12(@r) h—0

Moreover, Vp € LY(Q7) and F = —Vp — pV V.

Corollary
The limit p solves (FPE) in the distributional sense.

Remark: One can further show that

pre — p in LY(Qr).
7,h—0
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Additional assumption: asymptotic isotropy
[Eymard, Gallouét & Herbin (2010)], [Gladbach, Kopfer & Maas (2020)]

(Iso) There exists a subset Ti5, C T and a nonnegative e — 0 as h — 0, such
that

1
(1—ep)|v]? < T > medy(vnke)? < (1+er)v]?, VK E T Vv eR?
K

G’EEK
Moreover, denoting Qiso = J{K; K € Tiso} we have

/!ino meas(Q2 \ Qiso) =0

A
\\/ "'A ‘}
AN N <N

o

£
%
0
7

£
X
A7
%
%
s
\/

AV
vara

N
20

SRS
IS
AV NVAVAN,

Refinement by subdivision [Droniou & Nataraj (2018)]
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Energy dissipation principle convergence
[Forkert, Maas & Portinale (2022)], [Heinze, Mielke & Stephan (2025)]

=2

=il
Er(pM)+ Y 7 (Du(6mE F ) + Fiy(07)) <Er(0°)  (EDI7,)

n

Il
o

Er(p°) — E(p°) as h— 0
Lower semi-continuity of the convex energy

E(p(T)) < liminf Er(p")

o [-liminf of the jointly convex dissipation potential
N—1

2 (Iso) — 1 1
// Ll < liminf D, (072, F'*3)
=0

h,7—0

@ [-liminf of the convex Fisher infomation
T N—1
| 7)< tming > TR0
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Energy dissipation principle convergence
[Forkert, Maas & Portinale (2022)], [Heinze, Mielke & Stephan (2025)]

_ //Q IFE /J-' ) < £(,°) (EDI)J

Er(p°®) — E(p°) as h— 0
Lower semi-continuity of the convex energy

E(p(T)) < liminf 7 (p")

-liminf of the jointly convex dissipation potential
N—1

|F|2 (Iso) . 1 1
P imine S 7Dy (07, P
//Qr b0 n:OT v (077, )

[-liminf of the convex Fisher infomation
N—1

]
. . n+%
| 7)< tming > o)
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Numerical results

Test case 1: analytical solution

» Data: Q =(0,1)% and V(x1, %) = —x
» Exact solution:

2,1 x1 1 . 1
p(t, (x1, %)) = e (T TA)t+3 <7r cos(mxy) + 2sm(7rx1)) 4 e

» Mesh refinement strategies :

A1 = hm/2, ho=0.306,  Tmi1=Tm/2, To=0.025

Coarsest mesh Refinement by subdivision Refinement by repetition
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Convergence w.r.t the discretization parameters

T T 17 UL
—e— Subdivision
—o— Repetition

1073 E
s | ;
b5 I |
T 104 |
9; 10 i 2 ]
5 - |
I 1
107° E
f ! |

[ [N

1073 102

time step 7
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Entropy release

10—7 4
10—9 4
10-1
10—13 -
0.0 0.1 0.2 0.0 0.1 0.2
t t
refinement by subdivision refinement by repetition
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Numerical results
Test case 2: stiff potential

» Data: Q= (—3%,3) and
V(rcosa, rsina) = 5(1 — exp(—r?/o?))(1 — cos®(20r — «))

exp(—r?/o?)

p°(rcosa, rsina) =

1
V2ro

with 0 = 1072 <« 1.
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Numerical results
Test case 2: stiff potential

t=1.2-10"2

t=2-10"1

t=5-10"72
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Numerical results
Test case 2: stiff potential

1 T T T
0.0 0.1 0.2

t

Number of Newton-Raphson iterations
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Conclusion and prospects

Conclusion
» Provably convergent second order in space-time discretization for
Fokker-Planck equation

» Scheme designed to capture de Giorgi's functional with second order accuracy

> A cheap local (but nonlinear) extrapolation makes the scheme
computationally effective

Prospects

» Scharfetter-Gummel scheme instead of SQRA?
[Hraivorontska, Schlichting & Tse (2024)]

» Extension to models with cross-diffusion and self-consistent electric drift
[Burger, Schlake & Wolfram (2012)], [CC, Herda & Massimini (2024)]

Thank you for your attention!
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